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Preface 


The present book is based on the lecture given by the 
author to senior pupils in Moscow on the 20th of April 
of 1966. The distinction between the material of the lecture 
and that of the book is that the latter includes exercises at 
the end of each section (the most difficult problems in the 
exercises are marked by an asterisk). At the end of the 
book are placed answers and hints to some of the problems. 
The reader is advised to solve most of the problems, if not 
all, because only after the problems have been solved can 
the reader be sure that he understands the subject matter 
of the book. The book contains some optional material 
(in particular, Sec. 7 and Appendix which are starred in 
the table of contents) that can be omitted in the first reading 
of the book. The corresponding parts of the text of the book 
are marked by one star at the beginning and by two stars 
at the end. However, in the second reading of the book it is 
advisable to study Sec. 7 since it contains some material 
important for practical applications of the theory of Boolean 
algebras. 

The bibliography given at the end of the book lists some 
books which can be of use to the readers who want to study 
the theory of Boolean algebras more thoroughly. 

The author is grateful to S. G. Gindikin for valuable 
advice and to F. I. Kizner for the thoroughness and initiative 
in editing the book.?) 


1) The present translation incorporates suggestions made by the 
author.— Tr. 
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1. Algebra of Numbers 
and Algebra of Sets 


When studying arithmetic and algebra at school pupils 
deal with numbers of various nature. At the beginning the 
pupils study whole numbers whose understanding causes no 
difficulties because most pupils are to some extent familiar 
with these numbers before they start going to school. How- 
ever, inthe further course of the study of mathematics the 
pupils come across new and still new “numbers” (such as 
fractional numbers, irrational numbers etc.). When the 
pupils get used to a new class of numbers they are no longer 
puzzled by them, but yet at every stage of the extension 
of the notion of a number they lose some of their illusions. 
A whole number gives information on how many objects 
there are in a given collection, for instance, how many 
apples there are in a basket or how many pages there are 
in a book or how many boys there are in a class. As to the 
fractions, there cannot of course be 33'/, boys in a class 
or 3'/, plates on the table, but at the same time, there 
can be 4"/, apples on the table, a film can last for 1°/, hours, 
and there can even be 61/, books on a book shelf. (Of course, 
in this case we cannot say that the owner of the books handles 
them well!) The moment we get used to the fact that a frac- 
tional number of objects in a collection can make sense 
we pass to negative numbers. Of course, there cannot be 
—3 books on a book shelf. (This would be quite unnatural!) 
But a thermometer can read —5° and it even makes sense 
to say that a person has —50 copecks (the latter situation 
may worry the person but this is of no importance to mathe- 
matics!). Senior pupils study still more “frightening” num- 
bers: first the so-called irrational numbers such as Y 2 
and then the imaginary numbers such as 1 + 2i') (the 
terms “irrational” and “imaginary” clearly indicate how 
strange these numbers seemed to the people until they got 
used to them). By the way, if the reader is not yet familiar 
with irrational and imaginary numbers, this will not prevent 


1) In modern mathematics the numbers of the type of 4 -+ 2i 
are called complex numbers while by imaginary (or pure imaginary) 


numbers are meant such numbers as 2i or —) 2i (in contrast to them, 
such numbers as 1 or —*/, or V2 are termed real numbers). 
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him from reading this book‘). Although the concepts of irra 
tional and imaginary numbers have little in common with 
the primary idea of a whole number as a quantitative charac- 
teristic of a collection of objects we nevertheless speak of 
them as “numbers”. 

So it is natural to ask what is the common feature of 
all these kinds of numbers which allows us to apply the 
term “number” to all of them. It can easily be noticed that 
the main common feature of all these kinds of numbers 
is that all the numbers can be added together and multi- 
plied by each other?). However, this similarity between the 
various kinds of numbers is conditional: the matter is that 
although we can perform addition and multiplication of all 
kinds of numbers these operations themselves have a different 
sense in different cases. For instance, when we add together 
two positive integers a and b we find the number of objects 
in the union of two collections the first of which contains a objects 
and the second b objects. If there are 35 pupils in a class 
and 39 in another class then there are 35 + 39 = 74 pupils 
in both classes (also see Fig. 1). Similarly, when we multiply 
two positive integers a and b we find the number of objects 
in a union of a collections each of which contains b objects. 


1) An elementary representation of various numbers can be found 
in the book: I. Niven, Numbers: Rational and Irrational, New York, 
Random House, 1964. 

2) But not subtracted or divided: if, for instance, we are familiar 
only with positive numbers, we cannot subtract the number 5 from 
the number 3 and if we know only the whole numbers we cannot divide 
the number 7 by the number 4. 
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If, for instance, there are 3 classes in each of which there 
are 36 pupils then there are 3-36 = 108 pupils in all these 
classes (also see Fig. 2). It is however evident that this 
interpretation of addition and multiplication applies neither 
to the operations on fractions nor to the operations on 
negative numbers. For instance, the sum and the product 
of rational numbers (fractions) are defined by the following 
rules: 





a c _ad-+be 
Era td 
and 
ee tet se 
ob dad bd 


(here a, b, c and d are whole numbers). We also kuow that, 
for instance, for the signed numbers there exists the rule 


(—a) -(—b) = ab 


etc.'). 

Thus, we can draw the following conclusion: the term 
“number” is applied to numbers of different kinds because 
they can be added together and multiplied by each other 
but the operations of addition and multiplication themselves 
are completely different for different kinds of numbers. 
However, here we have gone too far: it turns out that there 
is in fact a great similarity between the operation of addi- 
tion of the whole numbers and the operation of addition 
of the fractions. More precisely, the definitions of these opera- 
tions are different but the general properties of the operations 
are completely similar. For instance, for the numbers of 
any nature we always have the identities 


at+b=b-+a 


the commutative law for addition of numbers 


1) We do not discuss in detail irrational and imaginary numbers 
here and only note that the compler numbers are added together and 
multiplied by each other according to the rules 


(a + bi) + (c + di) = (a+ c) + (b+ di 
and 
(a + bi) (c 4+ di) = (ae — bd) + (ad + be)i 
These rules may seem strange to the reader who is not yet familiar 


with complex numbers but they are much simpler than the definitions 
of the sum and of the product of irrational numbers. 


and 


ab=ba 


the commutative law for multiplication of numbers 


and also the identities 


(a+b)te=a+(b+o) 


the associative law for addition of numbers 
and 
(ab) c =a (be) 


the associative law for multiplication of numbers 
Also, in all the cases there exist two “special” numbers 0 
and 1 such that the addition of the first of them to any num- 
ber and the multiplication of any number by the second 
one do not change the original number: for any number a 
we have 
a+O=a and al=a 


What has been said accounts for the point of view of modern 
mathematics according to which the aim of algebra is to 
study some (different) systems of numbers (and other objects) 
for which the operations of addition and multiplication are 
defined so that the above laws and some other laws which 
will be stated later are fulfilled. For instance, for any num- 
bers a, b and c the identity 


(a+b)c=ac+be 
the distributive law for multiplication over addition 
must hold. 

There is a certain kind of analogy between the operations 
of addition and multiplication which is particularly notice- 
able because the properties of addition are in many respects 
similar to the properties of multiplication. For instance, 
if we set the unusual “proportion” 


addition multiplication 


subtraction _ ? 


then everybody will substitute the word “division” for the 
interrogation sign even without analysing the meaning of 
the “proportion”. It is due to this analogy that so many 
people often confuse the notion of the (additive) inverse 
of a number a (which is the number —a@ whose addition to 
the given number a results in 0) and the notion of the recip- 
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rocal (the multiplicative inverse) of a number a (which 
is the number ~ whose product by the given number @ 


is equal to 1). By the same reason, we see much similarity 
between the properties of an arithmetic progression (which 
is a sequence of numbers for which the difference between 
any member and the preceding member is one and the same) 
and a geometric progression (which is a sequence of numbers 
for which the ratio of any member to the preceding one 
is one and the same). 

However, this analogy is not complete. For instance, the 
number 0 plays a special role not only in the addition 
but also in the multiplication because we have 


a0 = 0 


for any number a (in particular, from the last identity 
it follows that a number different from 0 cannot be divided 
by 0). But if we replace in this identity multiplication by 
addition and zero by unity we arrive at the meaningless 
“equality” 

at1i=1 


which can hold only when a = 0!). Further, if we take 
the distributive law (a + b)c = ac + be and interchange 
addition and multiplication we get the “equality” 


ab +c = (a + c) (b+ ©) 


with which nobody of course can agree. (Since we obviously 
have 


fate(bte=abtat+htice= 
=ab+c(a+b-+c) 


it follows that (a + c) (6 + c) = ab +c only when c = 0 
or when a+ 0+ c= 1.) 

There are however some other algebraic systems whose 
elements are not numbers such that it is also possible to 
define the operations of addition and multiplication for 
them and the similarity between the addition and the multi- 
plication of these elements is even closer than the similarity 


1) If the equality a + 41 = 1 were fulfilled for any a then it would 
be impossible to subtract 1 from any number different from 4. In 
reality this is not the case: for instance, 3 —1= 2. 
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bet the ope 
tions on numbers. For in- 
stance, let us consider a 
very important example of 
an algebra of sets. By a set 
is meant any collection of 
arbitrary objects. which 
are called the elements of 
the set. For instance, we 
can consider the set of the 
pupils in a given class, the 
set of points bounded by 
a circle, the set of points in 





Fig. 3 ; ments inthe periodic system, 
the set of even numbers, 
the set of elephants in India, the set of grammar 
mistakes in your composition etc. It is quite evident that 
the addition of two sets can be defined in the following 
way: by the sum A -+ B of a set A and a set B we shall simply 
mean the union of these sets. For instance, if A is the set of 
the boys in a class and B is the set of the girls in that class 
then A + B is the set of all the pupils in the class; similarly, 
if A is the set of all even positive integers and B is the 
set of the positive integers divisible by 3 then 


42, 0): 45 B08. Oct, 42, 44, 459 16, 18,20. 20% 22.02} 


is the set A + B which consists of both groups of numbers. 
If the set A consists of the points belonging to the area 
shaded by horizontal lines in Fig. 3 and the set B consists 
of the points in the area shaded by inclined lines then the 
set A + B is the whole area shaded in Fig. 3. 

The fact that we have defined a completely new opera- 
tion and have called it “addition” must not seem strange: it 
should be remembered that earlier when we passed from 
numbers of one kind to numbers of another kind we defined 
the operation of addition in a different way. It is clear that 
the addition of positive numbers and the addition of nega- 
tive numbers are completely different operations: for instance, 
the sum of the numbers 5 and (—§) is equal to the difference 
between the (positive) numbers 5 and 8. Similarly, the addi- 
tion of fractions performed according to the rule a/b + 
+ c/d = (ad -- be)/bd differs from the addition of whole 
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aumbers: the definition of the addition of the positive inte- 
vers (see Fig. 1) given on page 8 is inapplicable to the 
description of the addition of fractions. The usage of one 
and the same term “addition” in all the cases was accounted 
‘or by the fact that the general laws for the operation of 
sddition of whole numbers remained valid when we passed, 
for instance, to fractions: in both cases the operation of 
addition turned out to be commutative and associative. 

Now let us check whether these laws remain valid for the 
new operation of “addition”, that is for the addition of sets. 
Yo facilitate the analysis it is convenient to consider special 
diagrams demonstrating operations on sets. Let us make 
the following convention: the set of all the elements under 
consideration (for instance, the set of all whole numbers 
ot theset of all pupils in aschool) will berepresented as a square; 
within this square we can mark different points represent- 
ing some concrete elements of the set (for instance, the 
numbers 3 and 5 or the pupils Peter and Mary). In this repre- 
sentation the sets consisting of some of the elements of the 
civen set (for instance the set of even numbers or the set 
of excellent pupils) are represented by some parts of that 
square. Such diagrams are often called: Venn’s diagrams 
after the English mathematician John Venn (1834-1923) 
who used these diagrams in his study of mathematical 
logic. It would be more precise to call them Euler’s diagrams 
because L. Euler!) used such diagrams much earlier than 
J. Venn’). 

As is clearly seen from Fig. 3, we have 


A+B=B+A4 


for any two sets A and B, which means that the commutative 
law holds for the addition of sets. Further, it is obvious that 
for any sets A, B and C there always holds the identity 


(A+ B)+C=A+ (B+ C) 


This means that the addition of sets obeys the associative law. 
\t follows that the set (A + B) + C (or, which is the same, 


1) Leonard Euler (4707-1783), a famous Swiss mathematician who 
spent most of his life in Russia and died in St. Petersburg. 

*) In his studies in mathematical logic L. Euler represented differ- 
ent sets of objects by circles in the plane; therefore, the corresponding 
‘agrams (which, in principle, do not differ from Venn's diagrams) 
are often referred to as Euler’s circles. . 
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Fig. 4 Fig. 5 


the set A + (B -+ C)) can simply be denoted asA + B+C 
without using parentheses; the set A + B+ C is nothing 
but the union of all the three sets A, B and C (see Fig. 4 
where the set A + B-+C coincides with the whole area 
shaded in this figure). 

Now let us agree that by the product AB of two sets A 
and B will be meant their common part, that is the intersection 
of these sets (also called the meet of A and B). For instance, 
if A is the set of the chess-players in your class and B is 
the set of the swimmers in your class then AB is the set 
of those chess-players who can also swim; if A is the set 
of the positive integers and B is the set of numbers divisible 
by 3 then the set AB is 


{6, 12, 18, 24, ...} 


This set consists of all positive integers divisible by 6. 
If the set A consists of the points lying in the area shaded 
in Fig. 5 by horizontal lines and the set B consists of the 
points in the area shaded by vertical lines then the set AB 
is the area in the figure which is cross-hatched. It is quite 
clear that the multiplication of sets defined in this way obeys 
the commutative law, that is for any two sets A and B we 


have 
AB=BA 


(see the same Fig. 5, it is also obvious that “the set of the 
chess-players who can swim” and “the set of the swimmers 


14 





who can play c¢ ess” coin- 
cide: this is simply one 
and the same set). Further, 
it is quite evident that the 
associative law also holds 
for the multiplication of sets, 
that is for any three sets 
A, B and C we have 


(AB) C = A (BC) 


The associative law allows 
us to denote the set (AB)C 
or, which is the same, the 
set A(BC) simply as ABC 
w.t..out using parenth...., Fig. 6 
the set ABC is the com- 
mon part (the intersection) of the three sets A, B and 
C (in Fig. 6 the set ABC is covered by the network of 
the three families of hatching lines. 

A remarkable fact is that for any three sets A, B and C 
there also holds the distributive law 


(A + B)C = AC + BC 


which means that intersection distributes over union. Indeed, 
if, for instance, A is the set of the chess-players in your 
class and B is the set of the pupils who can play draughts 
while C is the set of the swimmers then the set A + B 
is the union of the set of the chess-players and the set of 
the pupils who can play draughts, that is the set of those 
pupils who can play chess or draughts or both. The set 
(A + B)C can be obtained from the set A + B if we choose 
from the latter only those pupils who can swim. But it is 
quite clear that exactly the same set can be obtained if we 
form the union AC + BC of the set AC of the chess-players 








1) Here is one more example demonstrating the associative law 
for the product of sets. Let A be the set of integers divisible by 2, 
B the set of integers divisible by 3 and C the set of integers divisible 
by 5. Then AB is the set of integers divisible by 6 and (A8)C is the 
set of integers divisible both by 6 and 5, that is divisible by 30. On 
the other hand, BC is the set of integers divisible by 15 and A(BC) 
is the set of even integers divisible by 15; hence, we see that A(C) 
coincides with the set (AB)C of all integers divisible by 30. 





Fig. 7 


who can swim and the set BC of the pupils who can play 
draughts and can swim. 

The verbal explanation of the distributive law is rather 
lengthy. To explain this law it is also possible to use the 
graphical demonstration. In Fig. 7,a the set A + B is 
shaded by horizontal lines and the set C by vertical lines 
so that the set (A + 8B) C is covered by a network of hatching 
lines. In Fig. 7,0 the sets AC and BC are shaded by lines 
with different inclination; the set AC + BC in the figure 
coincides with the whole shaded area. But it is clearly 
seen that the area AC + BC in Fig. 7,b does not differ 
from the area (A + B)C covered by cross-hatching in 
Fig. 7,a. 

It is easy to understand which “set” plays the role of 
“zero” in the “algebra of sets”. Indeed, if this set (we shall 
denote it O) is added to an arbitrary set the latter must not 
change and therefore the set O must contain no elements 
at all. Thus, O is an empty set (it is also referred to as avoid 
or null set). One may think that since the set O is empty 
and contains no elements there is no need to take it into 
account. Butit would beinfact quite unreasonable to exclude 
the empty set from the consideration. If we did so this 
would resemble the exclusion of the number 0 from the 
number system: a “collection” containing zero elements is also 
“empty” and it may seem senseless to speak of the “number” 
of elements contained in such a collection. But it is in 
fact by far not senseless, moreover, it is quite meaningful. 
If we did not introduce the number 0 it would be impossible 
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to subtract any number 
from any other number 
(because, for instance, the 
difference 3—3 would be 
equal to no number in this 
case). Without having the 
number 0 at our disposal 
it would be very difficult 
to write the number 108 in 
the decimal number system 
because this number con- 
tains one hundred, eight ones 
and no tens! There are 
many other important 
things which would be Fig. 8 
impossible without the num- 
her zero. That is why the introduction of the number 
zevo is considered one of the most remarkable events in 
the history of the development of arithmetic. Similarly, 
if we did not introduce the notion of an empty set O it 
would be impossible to speak of the product (the intersec- 
tion) of any two sets: for instance, the intersection of the 
sets A and B shown in Fig. 8 is empty. Analogously, the 
intersection of the set of excellent pupils in your class and 
the set of elephants is also empty. If we did not have the 
uotion of an “empty” set it would be even impossible to 
mention some sets: for instance, it would he impossible 
to speak of “the set of the pupils in a class whose name is 
Peter” because this set may not exist at all, that is it may 
turn out to be an empty set. 

It is quite clear that if O is an empty set then we have 


A+O=A 





for any set A. It is also evident that for any set A we always 
have 


AO =0 


because the intersection of an arbitrary set A and the set O 
(which contains no elements) must be empty. (For instance, 
the intersection of the set of the girls in your class and the 
set of all those pupils whose height exceeds 2.5 m is empty.) 
The last identity is known as one of the intersection laws 
(the other intersection law will be presented later). 


2-420 47 


Za 
y 


L, 


Fig. 9 


Now we proceed to a more complicated question concern- 
ing a set playing the role analogous to that of the number 1 
in the system of numbers. This set (we shall denote it as J) 
must be such that the product (that is the intersection) 
of the set [ and any set A coincides with A. From this requi- 
rement it follows that the set J must contain all the elements 
of all the sets A! It is clear however that such a set can 
only exist if we limit ourselves to those sets whose elements 
are taken from a definite store of “objects”: for instance, 
if we limit ourselves to the sets of pupils of one definite 
school or of one definite class (such a set A may be the set 
of excellent pupils and another set B may be the set of the 
chess-players). Similarly, we can limit ourselves to the posi- 
tive integers (then A can be, for instance, the set of the 
even positive integers and B can be the set of prime numbers 
which have no divisors except themselves and unity). We 
can also consider the sets of points forming various geamet~- 
rical figures lying within a definite square such as those 
represented in Figs. 3-8. (We remind the reader that when 
we introduced Venn’s diagrams on page 13 we stipulated 
the existence of sucha “set of all the elements under conside- 
ration”.) Thus, by J we shall always mean some underlying 
basic set containing all the objects admissible in a particular 
problem or discussion. For instance, as the set 7 we can 
take the set of all the pupils of a given school or class or 
the set of all positive integers or the set of all the points of 
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a square (Fig. 9). In “algebra of sets” the set J is referred 
to as the universal set. It is evident that for any “smaller” 
set A (and even for the set A coinciding with /) we have 
the second intersection law 


AIl=A 


The last identity resembles the well-known arithmetic 
equality defining the number unity. 

Thus, we see that the operation laws for the “algebra 
of sets” we have constructed are in many respects similar 
to the laws of elementary algebra dealing with numbers but 
at the same time the former laws do not completely coincide 
with the latter laws. As has been shown, almost all basic 
laws which are known for numbers also hold for the algebra 
of sets but the algebra of sets also has some other completely 
different laws which may seem strange when they are first 
encountered. For instance, as was already mentioned, in the 
general case the rule obtained from the equality a-0 = 0 
by replacing multiplication by addition and zero by unity 
does not hold for numbers: for almost all numbers a we 
have a 4+- 1541. As to the algebra of sets, the situation 
is quite different: in this case we always have 


A+IJ=I 


Indeed, by definition, the set J contains all the objects under 
consideration and therefore it cannot be enlarged: when 
we add an arbitrary set A (this set A must of course belong 
to the class of sets we deal with) to the universal set J we 
always obtain the same set J. 

Further, if we take the distributive law (a+ b)c¢ = 
- ac + be which holds for numbers and interchange addi- 
tion and multiplication in it we arrive at the meaningless 
“equality” ab + c = (a +c) (b + c) which turns out to be 
wrong for numbers in almost all cases. But in the algebra 
of sets the situation is reverse: in this case we always have 
(for any sets A, B and C) the equality 


AB+iC=(A+C)(B4+0C) 


expressing the second distributive law of set theory (this is the 
distributive law for addition over multiplication). Indeed, 
let, for instance, A be again the set of the chess-players, B 
the set of the pupils who play draughts and C the set of the 


49 


swimmers in your class. Then, obviously, the intersection AB 
of the sets A and B consists of all the pupils who can play 
both chess and draughts and the union A8B+C of the 
sets AB and C consists of all the pupils who can play both 
chess and draughts or can swim (or, perhaps, can play 
chess, draughts and can swim). On the other hand, the 
unions A + C and B+ C of the sets A and C and of the 
sets B and C respectively consist of the pupils who can play 
chess or can swim or both and of the pupils who can play 
draughts or can swim or both. It is clear that the intersec- 
tion (A -- C)(B + C) of these two unions includes all 
the pupils who can swim and also those pupils who cannot 
swim but can play both chess and draughts, which means 
that this intersection coincides with the set AB +C. 

This verbal explanation may seem too lengthy and there- 
fore we shall also present the graphical demonstration of 
the second distributive law of the set theory. In Fig. 10,¢ 
the intersection AB (of the sets A and B) and the set C are 
shaded by hatching lines with different inclinations; the 
whole shaded area in the figure represents the set AB +-C. 
In Fig. 10,b the union A -++ C of the sets A and C is shaded 
by horizontal lines and the union B +- C of the sets B and C 
is shaded by vertical lines; the intersection (A + C)(B+C) 
of these two unions is covered by the “network” of hatching 
lines. But it is readily seen that the area covered by the 
network of horizontal and vertical lines in Fig. 10,b exactly 
coincides with the whole area shaded in Fig. 10,a, which 
proves the second distributive law. 








Fig. 10 
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In conclusion we present two more laws of algebra of 
sets which essentially differ from what is known from elemen- 
tary algebra dealing with numbers. It is easy to understand 
that for any set A the union of this set and another replica 
of the same set and also the intersection of the set A with 
itself coincide with the original set A: 


A+Az=A and AA=A 


These two identities are called idempotent laws (the first 
of them is the idempotent law for addition and the second 
is the idempotent law for multiplication). 

The fact that the general laws of algebra retain one and 
the same form for all kinds of numbers is very important: 
this makes it possible to use our experience acquired in 
studying numbers of one kind when we pass to another kind 
of numbers (for instance, when we pass from whole numbers to 
fractions or to signed numbers supplied with the signs “plus” 
or “minus”). In other words, in all such cases related to 
algebra of numbers we have to learn some new facts and 
laws but the facts learned previously remain valid. However, 
when we pass from numbers tosets we encounter a completely 
different situation: it turns out that there are a number of 
laws of algebra of numbers which are inapplicable to the 
algebra of sets'). 


? It is this distinction between the laws of algebra of sets and 
the laws of algebra of numbers that accounts for the fact that in many 
books the addition and the multiplication of sets (that is the opera- 
tions of forming the union and the intersection of sets) are denoted 
not by the usual symbols + and -, but in a completely different way: 
the union of sets A and B is denoted as A \j B and the intersection 
of these sets as A {| B. In the present book we shall deal not only 
with algebra of sets but also with some other algebraic systems in 
which the operations of “addition” and “multiplication” obey the same 
laws as in algebra of sets; therefore for our aims it is natural to use the 
ordinary symbols + and -, instead of the symbols |) and f) used in 
set theory. The usage of the symbols + and - makes it possible to 
indicate in a visual way the similarity between elementary algebra 
and the new algebraic systems. But it is nevertheless expedient to 
write down here the basic laws of set algebra using the standard set- 
theoretic notation: 


AU B=BUA and Af] B=Bf\A 


the commutative laws 


(AU B)\UC=AU (BUC) and (AN BVNCH=AN(BN C) 


the associative laws 
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Let us enumerate these new laws. We first of all mention 
the relation 
A+I=I 


which indicates a significant distinction between the univer- 
sal set J and the number 4. Another peculiarity of algebra 
of sets is the way in which the “parentheses are opened” 
using the second distributive law 


(A+C)(B+C)=AB+C 
For instance, in algebra of sets we have 
(A + D) (B+ D) (C+D) =((A + D) (B +D)(C + D)= 
= (AB+ D)(C+ D) = (AB)C+D=ABC + D 
Finally, the idempotent laws 
A+Az=A and AA =A 


are completely new to us; we can express the meaning of 
these laws verbally by saying that the algebra of sets involves 
neither exponents nor coefficients. For in the algebra of sets 
we have 


A+A+...+A=A 
ae 


n times 


A.A....-A=A 
nd 


n times 


and 


for any A and n; that is why, for instance, we have 
(A+ B)(B+C)(C +A) = 
= ABC + AAB + ACC + AAC + 
+ BBC + ABB + BCC + ABC = 
= (ABC + ABC) + (AB + AB) + 
AU O=A and Af) I=A 
AUJI=TI and Af) O=0O 
the properties of the empty set O and of the universal set J 


(AU B)f c= (Af. C) U (BNC) and (AN BU C= 
=(AUC)N (BUC) 


the distributive laws 
AU A=A and Af] A= 


the idempotent laws 


+ dAC AC) (BE. = BE) = 


= ABC + AB+ AC + BC 
(cl. Exercise 6 below). 


Exercises 


Prove the following equalities in which capital letters 
denote sets (the letter O always denotes the empty set and 
the letter 7 denotes the universal set): 


-(A + B)(A + C) (B+ D)(C 4+ D) = AD + BC 
iA tA BY A 

.ABLA=A 
.A(A+C)(B4+C)=AB+AC 

.A(A +1) (B+0)=AB 


I(ALO)=A 


+C)(B+C+D)(€+D+ A) = 
D+BD+C 


A 
Example: A(A+C)(B+C) = A|(A+C) x 
the associativity 
of multiplication 
x(B+C)| = A(AB+C) = (AB+C)A= 
the second the commutativity 
distributive law of multiplication 


= (AB) A+CA = (AA) B+ AC = 
the first distributive the commutativity and 
law the associativity of 
multiplication 
= AB+ AC 
the idempotent 
law for multiplication 


SHAN OWRwWN 
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2. Boolean Algebra 
Let us write down all the general laws of algebra of sets 
we have established: 
A+B=B+A and AB=BA 


the Commutative laws 


(44 B)+C=A+(B+C) and (ARB)C = A(BC) 


the associative laws 


(A+ B)C-=+AC+ BC and AB+C=(A+C)(B+C) 


the distributive laws 


A+A=A and AA=A 


the idempotent jaws 


Besides, the set algebra contains two “special” elements 
(sets) O and J such that 


A+Oz=A and AJ=A 
A+J=T/7 and AO=O 


These laws (identities) are similar to the ordinary laws 
of the algebra of numbers but they do not coincide comple- 
tely with the latter; the algebra of sets is, of course, also 
an “algebra” but it is new to us and rather unusual. 

Now it should be noted that we have in fact not one ordinary 
algebra of numbers but many such “algebras”: indeed, we 
can consider the “algebra of positive integers”, the “algebra 
of rational numbers” (by the rational numbers are meant 
both the integers and the fractions), the “algebra of signed 
numbers” (that is of the positive and non-positive numbers) 
and also the “algebra of real numbers” (that is of the rational 
and irrational numbers), the “algebra of complex numbers” 
(that is of the real and the imaginary numbers) and so on. 
All these “algebras” differ from one another in the numbers 
on which the operations are performed and in the definitions 
of the operations of addition and multiplication but the 
general properties of the operations remain the same in afl 
the cases. In this connection it now appears natural to ask, 
what is the situation in the unusual algebra of sets? In 
other words, is there only one realization of such an algebra 
or is there also a number of these “algebras” which differ 
from one another in the elements on which the operations 
are performed and in the definitions of the operations (as 
before we shall call these operations addition and multipli- 
cation) butat the same time are similarin the basic properties 
of the operations? 

The reader can undoubtedly anticipate the answer to 
the question: there are in fact many algebras similar to 
the algebra of sets (in these algebras the same general opera- 
tion rules hold). First of all, there are a variety of algebras 
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of sets themselves: for instance, we can consider the “algebra 
of sets of pupils in your class”, the “algebra of sets of animals 
in a zoo” (this is, of course, a completely different algebra!), 
the “algebra of sets of numbers” (these numbers can be of 
different kinds), the “algebra of sets of points lying within 
a square” (see Figs. 3-10), the “algebra of sets of books 
in a library” and the “algebra of sets of stars in the sky”. 
But there are also completely different examples of algebras 
having similar properties; below we shall discuss some 
examples of this kind. 

Before proceeding to these examples the reader should 
realize that to define the operations of addition and multipli- 
cation in a set of objects (elements) a, b, . . . means to indicate 
some rules according to which we attribute to any two objects 
a and b two other objects c and d called, respectively, the sum 
and the product of a and b: 


c=a-+6 and d=ab 


These rules must be chosen so that all the laws characteristic 
of the algebra of sets are fulfilled. But after these rules have 
been chosen we have no right to ask, why the sum of a and b 
is equal to c? Indeed, we define the sum a ++ b as being the 
element c and, as is known, the definitions must not be dis- 
cussed when they are consistent, that is when they satisfy 
definite general logical requirements. Some definitions given 
below may seem strange because they are new, and new 
things always seem strange when they are first encountered. 
For instance, pupils are first told that the sum of two num- 
bers a and b is the number of objects in the union of a col- 
lection containing a objects and a collection of 6 objects 
(see Fig. 1 on page 8) and that the product ab is equal 
to the number of objects in the union of a collections each 
of which contains b objects (Fig. 2 on page 8). Later the 
pupils are taught fractions and are told that the sum and 
the product of fractions a/b and c/d are defined according 
to the rules given on page 9; these new rules and definitions 
may of course seem strange to the pupils until they get 
used to them. 
Now we proceed to the examples. 


Example 1. Algebra of two numbers (elements). Let us 
assume that the algebra consists of only two elements; 
‘or the sake of simplicity, we shall call these elements 
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“numbers” and denote them by the familiar symbols 0 and 1 
(but in the case under consideration these symbols have 
a completely new meaning). We shall define the multiplica- 
tion of these numbers in exactly the same way as in ordinary 
arithmetic, that is by means of the following “multiplica- 
tion table”: 





As to the addition, we shall define it in an “almost ordinary 
way” with the only distinction from the ordinary arithmetic 
that now the sum 1 + 1 is not equal to 2 (this “algebra 
of two numbers” does not contain the number 2 at all!) but 
is equal to 1. Thus, the “addition table” in this new algebra 
has the form 


-- | 0 { 
0 0 4 
1 1 1 





It is obvious that in the algebra thus defined both com- 
mutative laws hold: 


a+b=b-+a and ab= ba for any aand b 


It can readily be verified that the associative laws also 
hold for this algebra: 


(a+b) +e=a+ (b+ c) and (ab)c = a (bc) 
for any a, 6 and c 


There is no need to verify the associative law for multipli- 
cation because the “new” multiplication completely coincides 
with the multiplication of numbers for which, as we know, 
the associative law holds. It is also clearly seen that the idem- 
potent laws also hold for this algebra: 


a+t+az=a and aa=a for any a 


that is for @ = 0 and for a = 1 (now we see why it was 
necessary to put 1 + 1 = 1!). It is a little more difficult 
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to verify the distributive laws: 
(a+ b)ec=ac+be and ab+c=(at+c)(b+ 0c) 


for any a, b and c 


For instance, in this algebra of two elements we have 
(+ 141)4=1-1=1 and (1-1) + (1-1)=1+1=1 
(4) 4+ 4=14 14 =1 and (14 1)-4+4+1) =1-1=1 
Finally, if we agree that the number 0 plays the role of 
the element O and the number 1 plays the role of the ele- 
ment /, the rules concerning the “special” elements O and J 


will also hold, that is we shall always have (for a-= 0 
and for a = 1) 


a+tO=a and al1l~=—a; a+1=1 and a-0O=0 





Example 2. Algebra of four numbers (elements). This is 
a slightly more complicated example of the same kind. 
Suppose that the elements of the algebra are four “numbers” 
which we shall denote as the digits 0 and 1 and the letters 
p and gq. The addition and the multiplication in this algebra 
will be defined with the aid of the following tables: 


4 0 Pp q 4 : 0 p q 4 
0 0 p q 1 0 0 0 0 0 
p D BP 1 1 p 0 P 0 p 
q q 1 q i q 0 0 q q 
1 4 4 4 4 4 0 p q 1 


_As can readily be checked by means of the direct computa- 
tion, in this case we also have 


a+b=6-+a and ab = ba for anya and 0 
(a+ b)+ce=at (b+e) and (ab) c = a (bc) 
for any a, 6 and c 
(a+ b)e = ac + be and ab +c = (a +c) (b + 0) 
for any a, 6 and ec 
@--@=a and aa=a_ for any a 
(that is for a= 0, a == p, a =gq and a= 14) 
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Besides, the numbers 0 and 1 play the roles of the ele- 
ments O and J of the algebra of sets respectively because 
for any a we have 


a+Q=a and a-t=a;at+1=1anda0=0 


Example 3. Algebra of maxima and minima. As the ele- 
ments of the algebra let us take the numbers contained in an 
arbitrary (bounded) number set; for instance, let us agree 
that the elements of the algebra are some (or, perhaps, all) 
numbers z satisfying the condition 0<2<1, that is 
numbers lying between 0 and 1 and the numbers 0 and 1 
themselves. As to the operations of addition and multiplica- 
tion, we shall define them in a completely new manner. To 
avoid the confusion between the ordinary addition and 
multiplication and the new operations we shall even denote 
the latter by the new symbols ® (addition) and @ (mul- 
tiplication). Namely, let us assume that the sum x ® y 
of two numbers z and y is equal to the greatest (the mazi- 
mum) of these numbers in case x = y and to any of them 
in case x = y. By the product x ® y of two numbers z and y 
we shall mean the least (the minimum) of these numbers in 
case x = y and any of them in case xz = y. For instance, 
if the elements of the algebra are the numbers 0, 41/3, 1/2, 
2/3 and 4 then the “addition table” and the “multiplication . 
table” for these numbers have the form 


4 4 2 1 4 2 
a a Vi Ce a ee ae oe 

a oe 

cca Se 0 
a a 0 0 0 0 0 
gia iy dos Ms «Gee: oh ae | 1 1 ¢ 1 
3,3 3 2 3 ge (Ue ae Oe 
ve Ah. A, SE nae. ay 1 1 40 4 
Oy De Ora Oe as el Ge We ae 
2;2 2 2 2 , 2 1 4 2 2 
Brg. Cae age 8 Be gee 

1 t 2 

444 4 4 4 1 1 0° sas! 


The maximum number among two or several numbers 
uy, VU, ..., 2 is often denoted in mathematics as max 
lu, v,..., 2| and the minimum number among these 
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Fig. 11 


numbers as min [u, v, ..., z]. Thus, in this “algebra of 
maxima and minima”, we have, by definition, 


x® y = max lz, y] and x @ y = min Iz, yl 


We can also agree to represent numbers as points on the 
number line. Then the numbers x satisfying the condition 
)<2x<1 are represented by the points of a horizontal 
line segment of length 1, the sum x ® y of two numbers 
x and y is represented by the rightmost of the points x and 
y and their product x ®@ yis represented by the leftmost point 
(Fig. 44). 

It is clear that the new operations of addition and multi- 
plication we have defined satisfy the commutative laws: 


xP®y=y@Pe and cBy=y@u 
The associative laws 
(cP y) ® z= 2 (y ® z) and 
(x @y)@z=«£@ (y @2) 
also obviously hold because the number (2 ® y) ® z (or, 
which is the same, the number x @® (y@ z)) which can 


simply be denoted as z ® y ® z without the parentheses 
is nothing but max [z, y, z] (Fig. 12) while the number 


(c ® y) @z (or, which is the same, t@(y@z)) which 


can simply be written as x ® y ® z without the paren- 

theses is nothing but min [z, y, z] (see the same Fig. 12). 

It is also quite clear that the idempotent laws also 

hold here: 

x®@®a=maxiz, z]} =x and «r®@x=minlz, zr} =z 
Finally, let us check the validity of the distributive laws 


(z B y) @z = (x @z) © (y @2) 





X@yzx@y @7 y@z X@®yz=y@z=x@y O27 
0 t} 9-9 __ —o— ———+ } 
Z y 
Pig. 12 
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OB YOZ=% OIBOYV OZ) XBN@QZ=(XOD PY OZ) 


‘ YQz XQzZ x@®y YOZ xPBy=x@Qz 
oO 
y > 1 0 ° 2 1 
(a) (b) 
Fig. 13 
and 


(x ® y) Bz = (x @ z) ® [y @ 2) 
It is evident that the number 
(x ® y) ®@ z = min {max [z, y], z} 


is equal to z if at least one of the numbers x and y is greater 
than z and is equal to the greatest of these numbers if both 
x and y are less than z (Fig. 13,a and 6). It is also clear that 
the number 


(x ® z) ® (y ® z) = max {min [z, 2], min [y, z]} 


is equal to the same value (see again Fig. 13). Analogously, 
the number 


(z ® y) ® z = max {min [z, y], z} 


is equal to z if at least one of the numbers x and y is less than z 
and is equal to the minimum of the numbers x and y if 
both x and y exceed z (Fig. 14,a and b). As is seen from the 
same Fig. 14, the number 


(x ® z) @ (y® z) = min {max Iz, z], max [y, z]} 


is also equal to the same value. 

Now to make sure that all the laws of the algebra of sets 
hold for the new unusual algebra of maxima and minima 
it is sufficient to note that the role of the elements O and J. 
of the algebra of sets is played by the smallest number 0 
among all the numbers under consideration and by the grea- 
test number 1 respectively. Indeed, for any number z satis- 


(KOY) OZ=XKOZQVOZ) (x @Y) BZ=(XPB2@(VO2Z) 
Z XB X@®Z=y @z 6% XOY =XOzZ Y@z F 
a ny 
y x z Zz x y 
(a) (b) 
Fig. 14 
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fying the condition 0<2r< 1 we always have 
7y@®0=maxlz, 0) =x and +r @1=miniz, 1])=—x 
xy ®@®1=maxlz, t1=1 and «+ @®0=minlz, 0] =0 


Example 4. Algebra of least common multiples and great- 
est common divisors. Let N be an arbitrary integer. As the 
elements of the new algebra we shall take all the possible 
divisors of the number NV. For instance, if N = 210 = 
— 2.3.5-7 then the elements of the algebra in question are 
the numbers 4, 2, 3, 5, 6, 7, 10, 14, 15, 21, 30, 35, 42, 
70, 105 and 240. In this example we shall define the addi- 
tion and the multiplication of the numbers in a completely 
new way: by the sum m ® n of two numbers m and n we 
shall mean their least common multiple (that is the smallest 
positive integer which is divisible by both numbers m and n) 
and as the product m @ x of the numbers m and n we shall 
take their greates! common divisor (that is the greatest integer 
by which both m and n are divisible). For instance, if VN = 6 
(in this case the algebra contains only the four numbers 
1, 2, 3 and 6) the addition and the multiplication of the 
elements of the algebra are specified by the following tables: 


fe3) | 123 6 & | 12 3 6 

1 1236 4 1 1111 

Bal 2 ose. MP Oo a aos o 

3 363 6 3 11 3 3 

6 6 6 6 6 6 123 6 
in “higher arithmetic” (number theory) the least common 
multiple of two or several numbers m, n, ..., s is often 
denoted as [m, n, ..., s] and the greatest common divisor 
of the same numbers is denoted as (m, n, ..., s). Thus, for 


this algebra we have, by definition, 
m@®n=Im, n] and m®n= (m, n) 


For instance, if the algebra contains the numbers 10 and 15 
then 


10 @ 15 = [10, 15) = 30 and 10 @ 15 = (410,15) =5 
It is evident that in this algebra we always have 


mBn=n@Om and mOn=n@Om 


34 


Further, we have 

(m® n) ® p=m@ (n@ p) = Im, n, pl 
(we can denote this number simply as m © n ® p without 
the parentheses) and also 

(m @ n)®@ p =m ® (n @ p) = (m, n, p) 
(the latter number can simply be denoted as m © n ® p). 
The idempotent laws 

m® m= [m, ml =m and m ® m= (m, m) =m 

are also quite evident. 


The verification of the distributive laws is a little more 
lengthy. The number 


(m ® n)® p = (Im, nl, p) 


is nothing but the greatest common divisor of the number p and 
the least common multiple of the numbers m and n (think 
carefully about this expression!). This number contains those 
and only those prime factors which are contained in p and 
are simultaneously contained in at least one of the numbers 
m and n. But it is evident that these (and only these) prime 
factors are also contained in the number 


(m® p) ® (xn ® p) = [(m, p), (n, p)] 
and therefore we always have © 
(m ® n) @ p = (m @ p) + (n® p) 
For instance, if we limit ourselves to the divisors of the 
number 210 then we have 
(10 ® 14) ® 105 = ([10, 14], 105) = (70, 105) = 35 


and 
(10 @ 105) ® (14 @ 105) = [(40, 105), (14, 105)] = 
= [5, 7] = 35 
Analogously, the number 
(m @n) @ p = (I(m, n), pl 
is the least common multiple of the number p and the greatest 
common. divisor of the numbers m and n; it contains those 


and only those prime factors which are contained in p or 
in both numbers m and n or in all the three numbers p, m 
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and 2. But exactly the same faclors are contained in the 


nimber 
(m Bp) @ (n ® p) = (Im, pl, In, p)) 
md therefore we always have 


(m @ n) ® p = (m © p) @ (nx © p) 
for instance, 
(10 ® 14) ® 105 = [(10, 14), 105] = [2, 105] = 210 
and 
(10 ® 105) @ (14 G 105) = ((10, 105], [t4, 105]) = 
= (210, 210) = 210 


Finally, in this case the roles of the elements O and J 
of the algebra of sets are played by the smallest number 4 
among the collection of numbers we deal with and by the 
oreatest number JN respectively. Indeed, this algebra only 
contains the divisors of the number WV and we obviously have 


m@®t= Im, 1)}=m and m@N=(m, N)=m 
m®N=I[m,N]=N and m@1=(m,1)=1 


We thus see that for this algebra all the laws of the algebra 
of sets are fulfilled. 

Ilence, there are different systems of “objects” (of elements 
of the algebra in question) for which it is possible to define 
the operations of addition and multiplication satisfying all 
the known rules fulfilled in the algebra of sets: the two com- 
mutative laws, the two associative laws, the two distribu- 
tive laws, the two idempotent laws and the four rules specify- 
ing the properties of the “special” elements whose role in 
these algebras is close to that of zero and unity. Later on we 
shall consider two more important and interesting examples 
of such algebras. 

Now we proceed to the study of the general propertics 
1 all such algebras and our immediate aim is to give a ae 
uamie to all of these algebras. Since algebras with such 
-tange properties were first considered by the distinguished 
inglish mathematician George Boole who lived in the 
Uth century, all the algebras of this kind are called Boolean 
algebras). For the basic operations on the elements of a Boo- 


‘\ A rigorous definition of a Boolean algebra is stated in Appendix 
vate 447. 
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GEORGE BOOLE 
(1815-1864) 


lean algebra we shall retain the terms “addition” and “mul- 
tiplication” (but the reader should bear in mind that in 
the general case these operations differ from the ordinary 
addition and multiplication of numbers!). We shall also 
sometimes refer to these operations as the Boolean addition 
and the Boolean multiplication. 

In his “Laws of Thought” which first appeared in 1854, 
that is more than a hundred years ago, G. Boole investigated 
in detail this unusual algebra. The title of G. Boole’s work 
may first seem strange; however, after the reader has studied 
this book it will become clear what is the relationship be- 
tween unusual algebras considered in the book and the laws 
of human thought. At present we only note that it is this 
relationship between the Boolean algebras and the “laws of 
thought” that accounts for the fact that the work of G. Boole 
to which hiscontemporaries paid little attention is of such 
great interest nowadays. In recent years the book by G. Boole 
has been many times republished and translated into various 
languages. 


Exercises 


1. Verify directly that for all triples of elements of the 
“Boolean algebra containing two numbers” (see Example 
1 on page 25) there hold both distributive laws. 

2. Check the validity of both distributive laws for several 
triples of elements of the “Boolean algebra with four ele- 
ments” (Example 2 page 27). 

3. (a) Let there be a family in which there is only one 
schoolboy. Then all the “sets of the schoolboys in the family” 
are the following: the set 7 containing one schoolboy and 
the set O containing no schoolboys (the empty set). Compile 
the “addition table” and the “multiplication table” for the 
“algebra of sets of schoolboys in the family” (this algebra 
consists of only two elements O and /) and compare these 
tables with the tables on page 26. Proceeding from this 
comparison show that in the “algebra of two numbers” 
considered in Example 1 of this section all the laws of the 
Boolean algebra hold. 

(b) Let there be a family in which there are two school- 
children Peter and Mary who go to school. Then the “algebra 
of sets of schoolchildren in the family” consists of four ele- 
ments: the set J containing both schoolchildren, the two 
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sets P (Peter) and M (Mary) each of which contains one of 
the two schoolchildren and the empty set O. Compile the 
“addition table” and the “multiplication table” for this 
algebra of sets and compare them with the tables on page 27. 
Proceeding from this comparison show that in the “algebra 
of four elements” considered in Example 2 of this section 
there hold all the laws of the Boolean algebra. 
4, Check that 


(a) min {max [+ : z| - <}= 


=m min [5 =| min [5 1 
a ax { He a Vee =|} 
and 


max {min [> x) t}= 
= min {max[ 5, ac max| 5, =} 
(b) ([12, 30], 8) = [(12, 8), (30, 8)] 


d 
[(42, 30), 8] = (42, 8],  [30, 8]) 


5. (a) Compile the “addition table” and the “multiplica- 
tion table” for the Boolean algebra consisting of the three 
1 


numbers 0, os and 4 in which z ® y = max Iz, y] and 


x @®@y=min [z, y]. Verify the validity of the laws of 
the Boolean algebra for this algebra of three elements. 

(b) Compile the “addition table” and the “multiplication 
table” for the algebra of the divisors of the number 12 in 
which m ®@ n = [m, n] and m @n=(m, n). Show that 
some of the laws of the Boolean algebra are fulfilled for 
this algebra of the divisors. 

6*. Let the decomposition of a (positive integral) num- 
ber N into prime factors be of the form 


A2 A 
N= pit'p2 ... pa® 
‘Then any two divisors m and n of this number can be writ- 


ten as 


ay a2 


a. 
m= Pp, Po --- Ps 
where O0<a,< Ay, O<ag< Ag, ....0<a,< Ax 
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and 
bi be b, 
n= Py, Po .-- Pr 
where 


0< <A, O0<be< As, a8 -0<d,< Ap 


‘some of the numbers a,, ag, ..., a, and b,, by, ..., Op 
can be equal to zero). What form have in this case the decom- 
positions into prime factors of the numbers [m, n] (the 
least common multiple of the numbers m and n) and of the 
numbers (m, n) (the greatest common divisor of the num- 
bers m and n)? Using these decompositions prove that 
the set of all the divisors of the number NV with the opera- 
tions m ® n = [m, n} and m @n = (m, n) is a Boolean 
algebra. 


3. Further Properties of Boolean 
Algebras. Principle of Duality. 
Boolean Equalities and Inequalities 


Let us continue to study Boolean algebras. We first of 
all see a complete parallelism between the properties of 
the Boolean addition and the Boolean multiplication; the 
similarity between the operations is so close that in every 
(correct) formula of a Boolean algebra we can interchange the 
addition and the multiplication: the equality resulting from 
the interchange remains valid. For instance, in a Boolean 
algebra there holds the equality 


A(A + C)(B4+C) =AB+AC 


(which was proved earlierfor the algebra of sets; see the exer- 
cises to Sec. 1 on page 23). On interchanging the addition 
and the multiplication in this equality we obtain 


A+AC + BC =(A+ B)(A+C) 


‘he latter equality is also valid (see page 39). It should 
also be taken into account that when an equality fulfilled 
lor a Boolean algebra involves the “special” elements O and I 
inen the interchange of the Boolean addition and the Boolean 
multiplication in this equality must be followed by the inter- 
range of the elements O and I. For instance, the validity 
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of the equality 
(A+ B)(At+N+(A4+B)(B+0=AtB 
(see Exercise 8 on page 23) implies that the equality 
(AB + AO) (AB + BI) =AB 


must also hold. 

The just stated property of the Boolean algebras which 
allows us to obtain automatically (that is without proof) 
from any equality a new one!) is called the Principle of 
Duality and the formulas which are obtained from each 
other with the aid of this principle are called dual formulas. 
The principle of duality follows from the fact that the list 
of the basic laws of a Boolean algebra (when proving various 
Boolean relations we can only proceed from these laws) 
is completely “symmetric”, i.e. together with every law it 
also includes another law dual to the former, that is the 
law which is obtained from the former law by interchanging 
the addition and the multiplication and by interchanging 
simultaneously the elements O and J. Examples of dual 
pairs of laws are the commutative law for addition and 
the commutative law for multiplication, the associative 
law for addition and the associative law for multiplication, 
the idempotent law for addition and the idempotent law for 


1) The “new” equality obtained from a formula of a Boolean algebra 
by means of the interchange of the addition and the multiplication 
and of the elements O and J may sometimes coincide with the original 
relation. In this case we deal with a self-dual relation and the appli- 
cation of the duality principle does not give us a new formula. For 
instance, if we take the correct equality 


(A+ B) (B+ C)(€+A)=AB+BC+CA 


(see Exercise 6 on page 23) and interchange the addition and the 
multiplication in it we obtain the equality 


AB+ BC+ CA =(A + B) (B+ C)(C + A) 


coinciding with the original equality. Similarly, the application of 
the principle of duality to the correct equality 


(A+ B) (B+ C) (C+ D)=AC4+ BC-+ BD 
(see Exercise 7 on page 23) results in the equality 
AB +BC+CD =(A+C)(B+C)(B +D) 


which only slightly differs from the original relation (it simply turns 
into the original relation if we interchange the letters B and C), 
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multiplication. Similarly, the first and the second distribu- 
tive laws are dual and, finally, the equalities A+ O=A 
and A + J =TJ are dual to the equalities dJ = A and 
AO =O respectively. That is why when we prove an equal- 
ity by using some basic laws of a Boolean algebra we can 


similarly prove the dual equality by using the corresponding 
dual- laws. 


Example. Let us prove the equality 
A+AC+BC=(A4+ B)(A+C) 


It can readily be seen that this equality is the dual of the 
relation 





A(A+C)(B+C)=AB+4+AC 
Indeed, 


A+AC + BC = A+(AC + BC) = 
the associativity the first 
of addition distributive law 
=A+(A+B)C =: (A+ B)C+A = 
the commutativity the second 
of addition distributive law 


=[(A+B)+4](C+4) = 
the commutativity 
and the associati- 
vity of addition 


=[(A+4)+B](A+C) = (A+ B)(A+C) 


the idempotent law 
of addition 


(cf. the proof of the equality A (A+ C)(B+C) = 
= AB + AC on page 23). 
An alternative proof of the principle of duality is con- 


nected with a special operation defined in Boolean algebras 
which transforms every element A of a Boolean algebra into 


a new element A and under which addition and multiplica- 
tion are interchanged. In other words, this operation (we 
shall refer to it as the “bar” operation) is such that 


A+B=AB and AB=A+B 
Further, this operation possesses the properties 
O=I and [=O 


Finally, under the “bar” operation the element A goes 
into the original element A, that is for every element A 
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of a Roolean algebra we 
have 


Azad 


In the algebra of sets the 
“bar” operation (this opera- 
tion makes it possible to 
form a new element of a 
Boolean algebra from one 
civen clement of the algeb- 
ra and not from two given 
elements as in the case of 

Auitiom or multiplication) 
has the following meaning. 
By A we mean the so-cal- 
led complement of the set A which is, by definition, the set 
containing those and only those elements of the universal 
set I which are net contained in the set A (see Fig. 15). For 
instance, if we take the set of all the pupils in your class 
as the universal set and if A is the set of those pupils who 
got at least one bad mark then A is the set of those pupils 
who got no bad marks. 

The definition of the complement A of the set A directly 
implies that 








A=(A)=A 
It also follows from the definition that 
A+A=I and AA=O 


(see Fig. 15; the last two equalities expressing the so-called 
complementation laws can even be taken as the definition 


of the set A). It is also evident that 
O=I and [=0 


Finally, let us prove that in the set algebra there hold 
the following highly important properties of the “bar” 
operation: 


A+B=AB and AB=A+B 


The last two relations express the so-called laws of dualiza- 
tion; they are also referred to as the De Morgan formulas 
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Fig. 16 
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of the set A (with respect to the whole square /) is shaded 
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which proves the second of the De Morgan formulas. 


* 


Now let us discuss the meaning of the “bar” operation 
for the other examples of Boolean algebras considered 
earlier. For the algebra of two elements (Example 1 on 
page 25) we put 


O=1 and 1=0 


It is quite evident that for any element a of this algebra 
(that is for a = 0 and for a = 1) we have a = a. Further, 
the comparison of the “addition table” and the “multiplica- 


tion table’ compiled for the numbers 0 = 1 and 1=0 
which have the form 


+/04 a> T6 
alo4a ad Gu { 0 
144 1=0 0 0 


shows that a + 6 = ab in all the cases. De Morgan’s second 
rule is verified in an analogous way: ab =a -+ b. 

For the algebra of four elements (Example 2 on page 27) 
we put 


O=1, p=q, g=p and 1=0 


In this case it is also quite clear that a = a for any ele- 
ment a of this algebra. As above, to prove the relation 


a + b = ab it suffices to compare the following two tables: 





Opdq ti O=1 p=q q=p 1 
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The relation ab = a+ 6can be checked in a similar 
manner. 
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Now let us consider the algebra of maxima and minima 
whose elements are numbers x such that O< 2 <1 for 
which the Boolean addition ® and the Boolean multiplica- 
tion ® are defined as 


xz@®y=maxlz, y] and z®y=minlz, yl 
For the De Morgan rules to hold in this algebra we must 
have eee 
z@y=r@y and r@y-xz2@y 


This means that there must be 


max[z, y}=min([z, y] and min[z, y] = max [z, y] 
and it is also necessary that the “bar” operation should 
reverse the order of elements, that is it is necessary that 


the condition z< y should imply x >y (why?). There- 
fore, when the elements of the algebra are all the numbers x 
satisfying the condition 0 < z <1 then, for instance, we 
can put 


r=1—2x 
In other words, we can assume that the points x and x are 


symmetric about the midpoint 1/2 of the closed interval [0, 1] 
(Fig. 17). Then, obviously, 


O0=1, 1=0 
and 
L=2 
In this case the De Morgan rules also obviously hold: 
z@y—x@y and x«r@y=z7e@y 


see Figs. 18a and 6). However, unfortunately, the rules 


®-- a= 1 and zx = 0 do not hold here (cf. what is said 
in this connection on page 117). 

Finally, let us consider the algebra of least common multi- 
ples and greatest common divisors whose elements are all 


4 
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*BY=xBy ; x®y X®y x@y=x@y 


0: i 


y x a x y x y 1 y x 


(a) {D) 
Fig. 18 


the possible divisors of a positive integer N for which 
the Boolean addition ® and the Boolean multiplication 
® are defined as 
m®n=Im,n)] and m @n= (m, n) 
where [m, n] is the least common multiple of the numbers 
m and n and (m, n) is their greatest common divisor. Let 
us put 
— wN 
n=— 
m 
for this algebra. For instance, in the case N=210 consid- 
ered earlier we have 
1=210, 2=:105, 3=70, 5=42, 6-=35, 7=30, 
10=21, 14=15, 15=14, 21=10, 30=7, 35=6, 
42=5, 70=3, 105=2, 210-=1 


It is clear that in the general case of an arbitrary number V 


we have 
41=N and N=1 


Besides, it is evident that 
a. N 
m= =m 
The De Morgan rules also hold here: 
m@n=mO@n and m@n=m@n 

For instance, in the case N = 210 we have 
6 @ 21=[6, 21]=42, 6@ 21=35@10= 

= (35, 10) =5 and 42=5 
and also 
6 @ 21=(6, 21)=3, 6@21=35 @10= 

=([35, 10] =70 and 3=70 


Let the reader prove the De Morgan rules for the general 
case of an arbitrary N (in this connection also see Exercise 
5* on page 52). 


* * 


Now suppose that we have an arbitrary relation holding 
in any Boolean algebra, for instance, the equality 


A(A+C)(B4+C)=AB+AC 


which we have already mentioned. The application of the 
“bar ” operation to both members of this equality results in 


A(A+C)(B+C)=AB+AC 
However, by virtue of the De Morgan rules, we have 
A(A-+C) (B+C) =[4(A+C)] (B+C) = 

=-A(A+C)4+B4+C=A+A+C+BC=A4 AC+ BC 
and 
AB 4 AC = AB AC = (A+B) (A+C) 

Thus, we finally obtain 

A+ AC + BC =(A+B)(A+C) 


Since the last equality is fulfilled for any A,B and C it 
remains valid if we simply denote the elements A, B and C 
of the Boolean algebra by the letters A, B and C; this yields 
the equality 


A+AC + BC =(A + B)(A +C) 


which is the dual of the original equality. 

We see that the principle of duality is a consequence 
of the properties of the “bar” operation (and first of all, 
of the De Morgan rules). It should be however borne in 
mind that if the original equality involves the “special” 
elements O and J then, by virtue of the equalities 


O=I and [=O 


the transformed (dual) equality involves J instead of O 
and O instead of J; in other words, in the passage to the 
dual equality we must interchange O and J. 
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* 


For instance, on applying the “bar” operation to both 
sides of the equality 


A (A + I) (B + 0) = AB 

(see Exercise 5 on page 23) we obtain 

A(A+1)(B+-0)=AB 
Now, since 
A(A+J)(B+0)=A(A+1)+B40=A+A4I4 

+B+0=A+AI4+BO=A+A0+BI 
and 
AB=A+B 

we can also write the relation 


A=A0+BI=A+B 


The last relation (note that A and B are arbitrary in it) is 
equivalent to the relation 


A+AO0+ BI=A+B 


which can be obtained from the original equality by inter- 
changing addition and multiplication and interchanging simul- 
taneously O and I. 


* * 


Now we also note that the proof of the principle of duality 
we have presented allows us to extend immediately its 
statement. Namely, up till now we have spoken of those 
“Boolean equalities” which only involve the operations of 
addition and multiplication. It turns out that the relation 


A =A makes it possible to extend the duality principle 
to equalities involving the “bar” operation as well. It is 
obvious that if, for instance, a given formula involves an 


element A then the application of the “bar” operation to 
both members of the formula results in the transformation 


of A into the element A =A. Finally, if we replace in 
the resultant equality the elements A, B, C etc. by their 
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complements A= A, B= B, C = C etc. then instead of 
A we must again write A. It follows that when we pass 
from a given formula to its dual the “bar” operation goes into 
itself. For instance, the De Morgan formulas 


A+B=AB and AB=A+B 


are the duals of each other and, similarly, the dual of the 
equality A + AB =A + B (cf. Exercise 2 (d) below) is 
the evident relation A (A + B) = AB. 

It turns out that the principle of duality has even a wider 
range of application because it applies not only to Boolean 
equalities but also to “Boolean inequalities’. However, 
to explain this fact we must present one more notion playing 
an extremely important role in the theory of Boolean alge- 
bras. 

Every Boolean algebra involves the equality relation be- 
tween elements of the algebra (an equality A = B simply 
means that A and B are one and the same element of the 
Boolean algebra) and it also involves one more important 
relation (the inclusion relation) between elements whose 
role is analogous to that of the relation “greater than” (or 
“less than”) in the algebra of numbers. The inclusion rela- 
tion is denoted by the symbol > (orc); for two elements 
A and B there may exist the inclusion relation 


ADB 
or, which is the same, 


BCA 


The last two relations have one and the same meaning (note 
that the form of these relations resembles that of the rela- 
tions a>b and b <a in the algebra of numbers). In the 
algebra of sets the relation A > B means thatthe set A 
contains the set B as its part (see Fig. 19). For instance, 
if A, is the set of the even numbers and A, is the set of 
the integers divisible by 6 then obviously A, > Ag. Simi- 
larly, if A is the set of the pupils in your class who have 
no bad marks and B is the set of the excellent pupils then, 
of course, A > B. It should also be taken into account that 
when two sets A and B coincide it is also correct to write 
A => B because in this case as well the set B is entirely con- 
tained in the set A. We see, that the relation > for ele- 
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Fig. 19 Fig. 20 


ments of a Boolean algebra is closer to the relation > 
(“greater than or equal to”) than to the relation > (“greater 
than”) used in the algebra of numbers. 

It is clear that 


if A>B and BDC, thn ADC 


(see Fig. 20). Similarly, when we deal with numbers the 
relations a >b and b Sc imply that a >c. Further, 


if A> B and BDA, thn A=B 


For numbers we know the similar fact that the relations 
a >band b >a imply a — BD. Finally (this fact is particu- 
larly important), 


if ADB then ACB 


(see Fig. 21). For instance, since the set of the pupils in 
your class is wider than the set of the excellent pupils 
it follows that the set of the pupils having at least one bad 
mark is contained in the set of the pupils who are not excel- 
lent pupils. 

Up till now we have compared the properties of the rela- 
tion > for sets with the properties of the relation > for 
numbers to stress the similarity between the relations. 
Now we indicate an essential distinction between these 
relations. Any two (real) numbers a and b are comparable 
in the sense that at least one of the relations a > b and 
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b > a must be fulfilled for 
them'). In contrast to it, 
in the general case, for two 
arbitrary sets A and B 
neither of the relations 
Aw Band BDA holds 
(see Fig. 22). 

We also note that for 
any element A ofan alge- 
bra of sets we have 


Pos ADO 


and that there always hold 
(for any A and B) the inc- 
lusion relations Fig. 21 


A+ BOA and ABCA 
(Fig. 23). Finally. it is evident that 
if ADB thn A+ B=A and AB=B8B 


(see Fig. 19). Since A > A for any A the last two equali- 
ties can be considered a generalization of the idempotent 
laws A -+A—=A and AA =A. 


(a) (b) 
Fig. 22 


In case both relations hold simultaneously the numbers a and b 
are simply equal. 


Let us discuss the mean- 
ing of the relation > for 
the other Boolean algebras 
known to us. For the “al- 
gebra of two numbers” 
(Example 1 on page 25) 
this relation is specified 
by the condition 


1250 


For the “algebra of four num- 

bers” (Example 2 on page 
Fig. 23 27) the relation > is spe- 

cified by the conditions 


150,1>p,1>4q,p>0 and q>0 


A+B 


(the elements p and q of this algebra are incomparable, that 
is neither of the relations p => g and qg > p holds for them). 
For the “algebra of maxima and minima” (Example 3 on page 
28) the relation> coincides with the relation >: we assume 
that two elements x and y of this algebra are connected by 
the relation x => y if the number z is not less than the num- 
ber y (for instance, we have 1/2 > 1/3 and 1 > 1 in this 
case)). Finally, in the “algebra of least common multiples 
and greatest common divisors” (Example 4 on page 31) 
the relation m > n means that the number 7 is a divisor 
of the number m; for instance, in this case we have 42 > 6 
while the numbers 42 and 35 are incomparable in this 
algebra (that is neither of the relations 42 > 35 and 42 < 35 
takes place). Let the reader check that the relation defined 
in the above indicated way in each of the algebras we have 
considered possesses all the enumerated properties of the 
relation > in the algebra of sets. 


* 
Now it appears natural to apply the term “Boolean in- 


equality” to any formula whose left-hand and right-hand 
members are connected by the relation > (or <). We shall 


1) In this Boolean algebra for any two elements z and y at least 
one of the relations z => y and y > z holds. 
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speak of only those inequalities which hold for all the 
possible values of the elements A, B, C, ... of a Boolean 
algebra entering into the inequalities in question. For 
instance, such are the inequalities J > A, AD O,A + BD 
+> A and A DAB considered above. 

The principle of duality states that if addition and multi- 
plication are interchanged in such an inequality and if the 
elements O and I are also interchanged (provided that O or I 
or both enter into the enequality) then, on changing the sign 
of inequality to the opposite (that is on replacing the rela- 
tion > by the relation < or vice versa) we again arrive at 
a correct inequality (that is at an inequality which is fulfil- 
led for all the values of the elements of the Boolean algebra 
which enter into it). For instance, from the relation 


(A + B)(A+C)(A+)) > ABC 


(see Exercise 8 (b) on page 53) it follows that we always 
have 


AB+AC+AOCA+B4C 


* 


To prove the general principle of duality it suffices to 
apply the “bar” operation to both members of the original 
inequality. For instance, since the inequality (A +- B) x 
x (A —C) (A + 1) > ABC holds and since we have the 


tule “if A > B then A Cc B, it follows that the inequality 
(A+ B)(A+C)(A+J) c ABC 

is also valid. By the De Morgan rules, taking into account 
that J = O, we obtain 
(A+B)(A+C)(A+ 1) =(A4B) (AFC) +A4T= 

=A+B+A+C+A4A+I=AB+ AC+A0 
Similarly, 

ABC =A+B+C 

Thus, we conclude that for any A, B and C there holds 
the inequality 


ABA: AC +AOC AS-BLCE 


Now, since A, B and C are arhitrary here we can simply 
denote them as A. B and C respectively. We thus arrive 
at the inequality 


AB+AC+ AOCA+LtBHC 


which is dual to the origina! inequality in the sense de- 
scribed above. 
* + 


Exercises 


1. Write down the dual equalities for all the equalitics 
whose proof is discussed in Exercises 1-10 on page 23. 
2. Prove the following identities of algebra of the sets: 


(a) (A+B) (A+B)=A 

(b) AB+(A+B)(A+B)=A+B 
(c) ABC AB AC =O 

(d*) A+ AB=A+B 


3. What equalities are obtained from the equalities in 
Exercises 2 (a), (b) and (c) by means of the principles 
of duality? 

4, Check that in the “algebra of four numbers” (Example 2 
on page 27) there holds De Morgan's second rule ab = a -\- 6. 

5*. (a) Let N = pip, ... py, where all prime numbers 
Pi, Po: -- +> Pr are pairwise different. Prove that in this 
case the “algebra of least common multiples and greatest 
common divisors” whose elements are the divisors of the 
number N (see Example 4 on page 31) reduces to the “algebra 
of the subsets of the universal set J = <p,, Do, ..-, Pr}: 
Proceeding from this fact show that in this “algebra of 
least common multiples and greatest common divisors” all 
the laws of a Boolean algebra hold including the De Morgan 
rules. 

(b) Let N = p4 where p is a prime number and A is 
a positive integer. Prove that in this case the “algebra of 
least common multiples and greatest common divisors” whose 
elements are the divisors of the number N reduces to the 
“algebra of maxima and minima” defined in the set consisting 
of the numbers 0, 1, 2,..., A. Show that in this “algebra 
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of least common multiples and greatest common divisors” 
all the laws of a Boolean algebra hold including the De 
Morgan rules. 


(c) Let N = pf’ p?? ... por and m = p;: ps’... p= 


where 0<a,<A1,0< a,<Az,....0 <a, < A, (cf. Exer- 
cise 6 on page 36). What is the decomposition of the number 
m = N/m into prime factors? Use the formula obtained 
for this decomposition to prove the De Morgan rules in the 
general case of an arbitrary “algebra of least common mul- 
tiples and greatest common divisors”. 

6*. For which of the Boolean algebras known to you do 
the equalities 


A+A=I and AA=O 


hold and for which do they not hold? 

7. Check that all the properties of the relation > hold 
for the following algebras: 

(a) the algebra of two elements (see Example 1 on page 25); 

(b) the algebra of four elements; 

(c) the “algebra of maxima and minima”; 

(d) the “algebra of least common multiples and greatest 
common divisors”. 

8. Prove the following inequalities of the set algebra: 


(a) A+ B+CD(A+B)(A+C) 
(b) (A+ B)(A+C) (A+J) > ABC 
(c) (A+ B)(B+C) (C+ A) > ABC 
(d) A+ B>AB-+ AB 


9. Write down the inequalities obtained from the inequali- 

ties in Exercises 8 (a)-(c) using the duality principle; also 
Prove these inequalities directly without resorting to the 
duality principle. 
: 10. Prove that if a Boolean inequality involves the 
bar” operation then is also valid the inequality obtained 
from the original one by interchanging the Boolean addition 
and the Boolean multiplication and by interchanging simul- 
taneously the element O and the element J while the “bar” 
°peration is retained at each place it occupies in the original 
Mequality and the sign of the inequality is changed to the 
°Pposite. Use this principle to form a new inequality from 
tne inequality in Exercise 8 (d). 
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11. Verify all the properties of the relation > for 

(a) the “algebra of maxima and minima”; 

(b) the “algebra of least common multiples and greatest 
common divisors”. 

12*. Let some sets A and B be such that A > B. Simplify 
the following expressions: 


(a) A+B; (b) AB; (c) A+B; (d) AB 


4. Sets and Propositions. 
Propositional Algebra 


Let us come back to the Boolean algebra of sets which 
plays the most important role in the present book. Let us 
discuss the methods for specifying the sets which are the 
elements of this algebra. It is obvious that the simplest 
method is to specify a given set by tabulation, that is by 
enumerating all the elements of the set. For instance, we 
can consider the “set of the pupils: Peter, John, Tom and 
Mary” or the “set of the numbers: 1, 2, 3, 4” or the “set 
of the four operations of arithmetic: addition, subtraction, 
multiplication and division”. In mathematics the elements 
of a set which is defined by tabulation are usually written 
in curly brackets; for instance, the sets we have mentioned 
can be written as 


A = {Peter, John, Tom, Mary} 


B= {1, 2, 3, 4, 5} 
and 


C= (4+, —) X_ 


(in the last expression the signs of the operations symbolize 
the operations themselves)’). 

However, this method of representing a set is highly incon- 
venient in case there are very many elements in the set; 
it becomes completely inapplicable when the set in question 
is infinite (we cannot enumerate an infinite number of the 
elements of the set!). Besides, even in those cases when a set 
can be defined by tabulation and the tabulation is quite 
simple it may nevertheless happen that the enumeration 
itself does not indicate why these elements are collected td 
form the set. 


1) Also see Exercise 5 (a) on page 52. 


04 


Therefore another method which specifies the sets implicit- 
ly by description is more widely used. When a set is defined 
by description we indicate a property characterizing all 
the elements of the set. For instance, we can consider the 
“set of all excellent pupils in your class” (it may turn out 
that the set A mentioned above coincides with this set of 
excellent pupils) or the “set of all integers x such thatO < z 
< 5” (this set exactly coincides with the set B mentioned 
above) or the “set of all animals in a zoo”. The descriptive 
method for specifying sets is quite applicable for the defini- 
tion of infinite sets such as the “set of all integers” or the “set 
of all triangles with area equal to 1”; moreover, as has 
been mentioned, infinite sets can be defined by description 
only. 

The descriptive method of representing sets connects the 
sets with propositions which are studied in mathematical 
logic. Namely, the essence of the method is that we fix 
a collection of the objects we are interested in (for instance, 
the collection of the pupils in your class or the collection 
of the integral numbers) and then state a proposition which 
is true for all the elements of a set under consideration and 
only for these elements. For instance, if we are interested 
in the sets whose elements are some (or all) pupils in your 
class then such propositions can be “he is an excellent pupil”, 
“he is a chess-player’, “his name is George” and the like. 
The set A of all those elements of the universal set J in 
question (for instance, the set of the pupils, the set of the 
numbers, etc.) which satisfy the condition mentioned as 
the characteristic property in a given proposition a is 
called the truth set of this proposition’) (for instance, see 
Fig. 24)*). 

Thus, there is a “two-way connection” between sets and 
propositions: every set is described by a proposition (in 
particular, such a proposition may simply reduce to the 
enumeration of the elements of a given set, for instance, 
“the name of the pupil is Peter or John, or Tom, or Mary”) 


1) According to the terminology of modern mathematical logic, 
it would be more precise to use the term propositional function or open 
sentence (or open statement) and to speak of the truth sct of the given 
propositional function but we shall simply speak of propositions 
throughout the present translation.—/7r. 

*) We shall denote propositions by small letters and the truth 
sets corresponding to the propositions by the same capital letters. 
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a-—‘‘the figure is quadrangular" b-‘‘the figure is triangular” 


Fig. 24 


and to every proposition there corresponds a definite set 
which is the truth set of this proposition. It is also impor- 
tant that for any collection of propositions (even for pro- 
positions concerning objects of different kinds) it is always 
possible to indicate a certain universal set J corresponding 
to all the propositions in question and containing all the 
objects mentioned in these propositions. Another highly 
important condition is that by a proposition we shall only 
mean a statement about which it makes sense to say that it is 
either true or false when it is applied to a definite element 
of the given universal set. This means, for instance, that 
such statements as “the person has two heads and sixteen 
arms” or “2 xX 3 = 6” are propositions (the second ofthese 
sentences is even completely independent of the choice of 
the universal set 7) while such sentences as the exclamation 
“Be careful!” or “Oh!” are not considered propositions. 
Finally, it should also be borne in mind that such sentences 
like “two hours is a long time” or “the examination in mathe- 
matics is a highly unpleasant procedure” are not considered 
propositions either because they are quite subjective and 
their truth or falsity depends on a number of circumstances 
and on thecharacter of the person who states these sen- 
tences. 

When considering propositions we are only interested in 
the sets they describe. Therefore any two propositions a 
and b to which one and the same truth set corresponds will be 
identified and will be considered equivalent (“equal”). When 
two given propositions a and b (for instance, “he is an 
excellent pupil” and “he has only the highest marks” or 
“the number z is odd” and “the division of the number zx 
by 2 gives 1 in the remainder”) are equivalent we shall write 


a=b 
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All the necessarily true propositions, that is the propositions 
which are always true irrespective of which element of the 
set J is considered, are also regarded as equivalent to one 
another. Examples of necessarily true propositions are 
“2 x 3 = 6”, “this pupil is a boy or a girl”, “the height 
of the pupil does not exceed 3m” and the like. Let us agree 
to denote all necessarily true propositions by the letter i. 
Similarly, all the necessarily false (that is contradictory) 
propositions which are never true, that is the propositions 
whose truth sets are empty, will also be regarded as equiv- 
alent. We shall denote such propositions by the letter 0; 
examples of necessarily false propositions are “2 x 2 = 6”, 
“this pupil can fly like a bird”, “the height of the pupil 
exceeds 4m” and “the number z is greater than 3 and less 
than 2”. 

The connection between the sets and the propositions 
makes it possible to define some algebraic operations on 
propositions similar to those introduced earlier for the 
algebra of sets. Namely, by the sum of two propositions a 
and b we shall mean a proposition whose truth set coincides 
with the sum of the truth set A of the proposition a and the 
truth set B of the proposition b. Let us agree to denote this 
new proposition by the symbol a+ 1). Since the sum of 
two sets is nothing but the union of all the elements con- 
tained in both sets, the sum a + b of two propositions a 
and 0 is simply the proposition “a or b” where the word “or” 
means that at least one of the propositions a and b (or both 
propositions) is true. For instance, if the proposition a 
states “the pupil is a chess-player” and if among the pupils 
in your class the truth set corresponding to this proposi- 
tion is 

A = {Peter, John, Tom, George, Mary, Ann, Helen} 


while the proposition 6 asserts that “the pupil can play 
draughts” and its truth set is 


B = {Peter, Tom, Bob, Harry, Mary, Alice} 


then a + b is the proposition “the pupil can play chess or 
the pupil can play draughts” (or, briefly, “the pupil can 

') In mathematical logic the sum of two propositions a and b 
18 usually called the disjunction of these propositions and is denoted 


by the symbol a V 8 (cf. the notation 4 U B for the sum of two sets 
A and B). 
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c—“the figure is round”  d—“the figure is shaded’ 


C+D 


ctd—“‘the figure is round OR shaded” cd—"‘the figure is 
round AND shaded” 


Fig. 25 


play chess or draughts”). The truth set corresponding to 
this proposition a + b is 


A+ B — {Peter, John, Tom, George, Bob, Harry, 
Mary, Ann, Helen, Alice} 


If the universal set is the set of the geometrical figures 
shown in Fig. 24 and if the propositions ¢ and d assert that 
“the figure is round” and “the figure is shaded” respectively 
then the proposition c + d asserts that “the figure is round 
or shaded” (see Fig. 25). 

Similarly, by the product ab of two propositions a and b 
with truth sets A and B we shall mean a proposition whose 
truth set coincides with the product AB of the sets A and B. 
Since the product of two sets A and B is nothing but their 
intersection (that is their common part) containing those 
and only those elements of the universal set J which are 
contained in both sets A and #, the product ab of the pro- 
positions a and b is the proposition “a and b” where the 
word “and” means that both propositions a and 5 are true. 
For instance, if the propositions a and b concerning the 
pupils in your class are the same as above,then the pro- 
position ab asserts that “the pupil can play chess and the 
pupil can play draughts” (or, briefly, “the pupil can play 
chess and draughts”); the truth set corresponding to this 


In mathematical logic the product of two propositions a and b 
is more often called the conjunction of these propositions and is denoted 
by the symbol a/b (cf. the notation A  B for the product of two 
sets A and B). 


proposition is 
AB = {Peter, Tom, Mary} 


If two propositions ¢ and d concerning the set of the geo- 
metrical figures shown in Fig. 24 mean that “the figure 
is round” and “the figure is shaded” respectively, then the 
proposition cd asserts that “the figure is round and shaded” 
(see Fig. 25). 

The connection between the sets and the propositions 
makes it possible to extend to the propositions all the rules 
of the algebra of sets: 

a-+b=b+a and ab=ba 
the commutative laws of algebra of propositions 
(a+b)+c=a+(b-+-e) and (ab)c =a (bc) 
the associative laws of algebra of propositions 
(a-+b)e--ac+be and ab+c=(a~c)(b-+c) 
the distributive laws of algebra of propositions 
ata=a and aa=a 
the idempotent laws of algebra of propositions 


Besides, if i is a necessarily true proposition and o is 
a necessarily false proposition then we always have (that 
is for any proposition a) the relations 

a+o— a, ai=a 
and 
at+i-i, ao =- 0 


For instance, the proposition “the pupil has only the highest 
marks or the pupil has two heads” is equivalent to the pro- 
position “the pupil has only highest marks” while the pro- 
position “the pupil can swim and the pupil is not yet 
200 years old” is equivalent to the proposition “the pupil 
can swim”!). 


1) We shall also write the rules we have enumerated in the form 


in which they are usually given in mathematical logic: 
aVb = bVa ab = bAa 
(aVh)Vc = aV(b\Vc) (aAb)Ac = af(bAc) 
(a\/b)Ac == (aAc)V(bAc) (aAb)Ve = (aVeyA(bVe) 
aV/a==@ aha =a 
a\V/fo—a a\i=a 
aViz=i af\o =o 
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* 


To demonstrate how the rules of the algebra of propo- 
sitions are derived from the rules of the algebra of sets 
let us consider, for instance, the derivation of the second 
distributive law. Since the truth set of the sum of two 
propositions is the union of the truth sets of these propo- 
sitions and since the truth set of the product of two pro- 
positions is the intersection of the truth sets of the given 
propositions, it is evident that the truth set of the compound 
proposition ab + ¢ which means “the proposition “a and b” 
or the proposition c istrue” is the set AB + C where A, B 
and C are the truth sets of the propositions a, b and ¢ res- 
pectively. Similarly, the truth set of the (compound) pro- 
position (a+ c)(b-+ c) is the set (A + C) (B+ C). By 
virtue of the second distributive lawof the set algebra, 
we have 


AB+C=(A+0C)(B+0) 


Thus, the truth sets of the propositions ab + ¢ and (a + c)xX 
xX (b+ c) coincide, which means that the propositions 
ab + cand (a + c) (b-+c) are equivalent. (Also see page 20 
where we indicated that the propositions “the pupil can 
play chess and draughts or can swim” and “the pupil can 
play chess or can swim and also can play draughts or can 
swim” have one and the same sense, that is 


ab +e —(a+ec)(b+ 0c) 


where the propositions a, 6 and ¢ are “the pupil can play 
chess”, “the pupil can play draughts” and “the pupil can 
swim” respectively.) 


* * 


Like the operations of addition and multiplication of 
sets, the “bar” operation of the algebra of sets can also be 
extended to the algebra of propositions. Namely, by a should 
be meant the proposition whose truth set is the set A where 
A is the truth set of the proposition a. In other words, the 
truth set of the proposition @ contains those and only those 
elements of the universal set J which are not contained 
in the set A, that is the elements which are not contained 
in the truth set of the proposition a. For instance, if the 


b-‘IT IS FALSE THAT the figure is 
triangular” 


Fig. 26 


proposition a asserts that “the pupil has bad marks” then 
the proposition a means “the pupil has no bad marks”. 
If the universal set / consists of the geometrical figures 
shown in Fig. 24 and the proposition b asserts that “the 


figure is triangular” then the proposition b means “it is 
false that the figure is triangular” (that is, simply, “the 
figure is not triangular”; see Fig. 26). Generally, the pro- 
position @ has the sense “not a”; hence, the “bar” operation 
of the propositional algebra is the operation of forming the 
negation (denial) a of the proposition a. The proposition a 
can be formed from a by prefixing “it is false that”. 

Now let us enumerate the rules of the algebra of pro- 
positions related to the operation of forming negation: 


a-a 
a+a—i and aa=o 


o=i and i—o 


a+b=ab and ab—a+tb 
Indeed, the negation of a necessarily false proposition (for 
instance, “it is false that 2 X 2 is equal to 5” or “it is false 
that the pupil has two heads”) is always a necessarily true 
proposition while the negation of a necessarily true pro- 
position (for instance, “it is false that the pupil is not yet 
120 years old”) is always necessarily false. All the other 
laws can also be readily checked (let the reader check them). 
Py the way, there is no need to verify them since they simply 
follow from the corresponding rules of the sct algebra’). 


') For instance, since the truth sets of the propositions a + 6 and 
a> are 4 + B and AB where A and B are the truth sets of the pro- 


Positions a@ and b respectively and since A 4- 8 = AB, we have, 
according to the definition of the equivalence (equality) of proposi- 


lions, the equality 1 -+- 6 = ab. 
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Exercises 


{. Give three examples of necessarily true propositions 
and two examples of necessarily false propositions. 
2. Let the proposition @ assert that: 


(a) “2 x 2 = 4”; 
(b) “the pupil is a boy”; 
(c) “an elephant is an insect”; 


(d) “he can fly”. 

What is the meaning of the proposition @ in all these 
cases? Is the proposition @ necessarily true? Is it necessarily 
false? 

3. Let the proposition a mean “the pupil can play chess” 
and let the proposition 6 be “the pupil can play draughts”. 
Explain the meaning of the following propositions: 


(a) a+b; (b) ab; (c) a+b; (d) a+); 
(e) a+b; (f) ab; (g) ab; (h) ab 


4. Let a be the proposition “he is an excellent pupil”, 
b “he is dark” and Jet ¢ mean “he can swim”. Explain the 
meaning of the propositions 


(a) (a+ b)e and ac+ be 
and 
(b) ab +e and (a-+c) (b+ e) 


5. Let the propositions a and b mean “the given positive 
integer is even” and “the given positive integer is a prime 
number” respectively. State the following propositions: 


(a) ab; (b) a+b; (c) ab; (d) ab; (e) a+b 


What are the truth sets of these propositions? 

6. Let a and b be the propositions “this pupil is inte- 
rested in mathematics” and “this pupil sings well” respec- 
tively. State the propositions 


(a) a+b and ab 
and 
(b) ab and a+b 
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5. “Laws of Thought”. 
Rules for Deduction 


Now we can explain why George Boole called his work 
(where the “unusual algebra” considered in the present book 
was constructed) “Laws of Thought”. The matter is that 
the algebra of propositions is closely related to the rules 
of the process of thinking because the sum and the product 
of propositions defined in Sec. 4 reduce to nothing but the 
logical (propositional) connectives “or” and “and” respec- 
tively, the “bar” operation has the sense of the negation and 
the laws of the propositional algebra describe the basic rules 
for the logical operations which all the people follow in the 
process of thinking. Of course, in everyday life few people 
think of these rules as mathematical laws of thought but 
even children freely use them. Indeed, nobody doubts that 
to say “he is a good runner and a good jumper” is just the 
same as to say “he is a good jumper and a good runner’, 
that is all the people know (although they may not be aware 
of it) that propositions ab and ba have the same meaning, 
or, Which is the same, are equivalent. 

We can also explain why nowadays George Boole’s 
approach to the mathematical interpretation of the laws 
of logic as certain “algebraic rules” has become an object of 
intense interest. As long as logical operations were per- 
formed only by people who used them in the process of 
thinking quite intuitively there was no need to formulate 
the logical rules rigorously. In recent decades the situation 
has changed and nowadays we want to make electronic 
computers perform the functions which in the past could 
only be performed by people, for instance, such functions 
as production process control, traffic schedulling, solving 
mathematical problems, translating books from one language 
into another, economic planning and finding necessary 
lala in scientific literature; as is known, modern electronic 
“omputers can even play chess! It is obvious that in order 
iv compile the necessary programs for the computers it 
‘x necessary to state rigorously the “rules of the game”, that 
ix the “laws of thought”, which must be followed by the 
thinking” machines constructed by the man. People can 

~e the rules of logic intuitively but for a computer these 
les must be stated in a clear manner using the only 
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“language” which a mathematical machine can“understand”, 
that is the language of mathematics!), 

Now let us come back to the “laws of thought” themselves. 
The most interesting logical rules are connected with the 
logical operation of negation; some of them have special 
names in logic. For instance, the rule 

at+a=i 

expresses the so-called law (principle) of excluded middle: 
it means that either @ is true (here @ is an arbitrary pro- 
position) or the proposition @ is true and therefore the 
proposition a-+ a, that is “a or not a”, is always true. For in- 
stance, even without having any information on the ltal- 
lest pupil in your school we can definitely assert that this 
pupil is “either an excellent pupil or not an excellent pu- 
pil” or that this pupil “either can play chess or cannot 
play chess” etc. The rule expressed by the relation 


aa=o0 


is called the law (principle) of contradiction; this law asserts 
that the propositions a and ‘a, that is a and “not a”, can 
never be true simultaneously and therefore the product 
of these propositions is always false. (The law of excluded 
middle and the law of contradiction are referred to as the 
laws of complement or the complementation laws.) For in- 
stance, if a pupil has no bad marks then the proposition 
“the pupil has bad marks” is of course false when applied 
to this pupil; if a whole number 7 is even then the pro- 
position “the number n is odd” is of course false for this 
number. The rule expressed by the formula 


Sil 


=a 


is called the law of double negation (or the law of double 
denial). It asserts that the double negation of a propo- 


1) We must warn the reader that the elementary algebra of pro- 
positions to which the present book is devoted does not provide suf- 
ficient means for constructing modern electronic computers and for 

osing complex mathematical problems in the form in which they can 
e “inserted” into computers. For this purpose a more intricate mathe- 
matical and logical apparatus must be developed which is not con- 
sidered here. 
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sition is equivalent to the original proposition itself. For 
instance, Lhe negation of the proposition “the given integer 
is even” is the proposition “the given integer is vdd”; as 
fo the negation of the latter proposition, it asserts that 
“the given integer is not odd” and henee it is equivalent 
to the original proposition asserting that the integer is 
even. Similarly, the negation of the proposition “the pupil 
has no bad marks” means that “the pupil has bad;marks” 
and the double negation of the former proposition states 
that “it is false thal the pupil has bad marks” and is there- 
fore equivalent to the original proposition asserting that 
the pupil has no bad marks. 
The De Morgan rules 


ai+b=ab and ab=a+b 


jor the propositions are also very important; the verbal 
statement of these rules is a little more complicated (in 
this connection see Exercise 1 below). All the other rules 
of the propositional algebra such as the distributive laws 


(a+ hb)e =ac+ be and ab+e=(a+c)(b+c) 
ar the idempotent laws 
a+a=a and aa=a 


are definite “laws of thought”, that is logical rules which 
‘he people follow when deducing new inferences from those 
which are already known to be true. 

A particularly important role is played by the relation > 
which can be extended from the algebra of sets to the mathe- 
matical logic (propositional calculus). Up till now we have 
not considered this relation in connection with propositions 
ind only discussed it in connection with the algebra of sets. 
ilowever, the “two-way connection” between sets and pro- 
vosilions allows us to extend easily the relation > of the 

leebra of sets (the inclusion relation) to the algebra of 
-voposilions. Namely, let us agree that the relation 


aab 


“ritten for two propositions a and 6 should be understood 
a the sense that the proposition a follows from the propo- 
‘tton b or, which is the same, the proposition a is a conse- 
cence of the proposition b: the meaning of what has been 

Ais that the truth set A of the proposition a contains the 
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M truth set B of the proposition b. In other 
words, the aboverelationa D> 6 means that 


ADB 


For instance, since the set B of excellent pupils 

in your class is obviously contained in the 

set A of all pupils having no bad marks, 

the proposition @ stating that “the pupil has 
Fig. 27 no bad marks” is a consequence of the proposi- 

tion 6 asserting that “the pupil has only the 
highest marks”. Similarly, the set 


Ag = {6, 12, 18, ...} 
of the whole numbers divisible by 6 is contained in the set 
Be 2242.45 6085 10 12, 4416, 187, 20,8 3} 


of the even whole numbers, therefore the proposition “the 
number is even” (it is meant that the universal set J we 
deal with consists of all the positive integers) follows from 
the proposition “the number is divisible by 6”). 

The process of establishing the fact that two propositions 
a and b are connected by the relation a > 0 is called deduc- 
tion. When showing that the relation a > 6 takes place we 
deduce the conclusion a from the condition 6. In everyday 
life and in science we often deal with deduction; for instance, 
as a rule, the proof of a mathematical theorem reduces to 
deduction. In a mathematical proof it is usually required 
to show that from a condition b of the theorem (for instance, 
from the condition that “the angle P of a triangle MNP 
is a right angle”; see Fig. 27) follows a conclusion a of the 
theorem (for instance, the conclusion that “MP? + NP? = 
= MN”; in this case the relation a > b is equivalent to the 
Pythagoras theorem). In the deduction processes (for instance, 
in the proof of a theorem) we always use the basic properties 
of the relation > (sometimes without being aware of it). 
These properties can be stated as the following rules for 


1) If a > b we also say that the proposition b is a sufficient con- 
dition for the proposition a (for instance, for a pupil to have no bad 
marks it is of course sufficient that this pupil should have only the 
highest marks) while the proposition a is said to be a necessary condition 
for the proposition 6 (for instance, for a pupil to have only the highest 
marks it is of course necessary that this pupil should have no had 
marks). 
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deduetion}): 
aD>a 


ifamb and boa thena= b 
fa>mb and bDc thenaDe 
ida and aDo forany a 


a-+b>a and aDabh for any a and 6 


ifa>b then b>a 


For instance, we know that if the diagonals of a quadrila- 
teral bisect each other (the proposition b) the quadrilateral is 
a parallelogram (the proposition a). On the other hand, we 
know that “in a parallelogram the opposite angles are con- 
gruent” (the proposition c). Thus, we have 


ab) and cDa 
and therefore 
czb 


In other words, if the diagonals of a quadrilateral bisect 
each other then its opposite angles are congruent. 
Let us dwell in more detail on the application of the rule 


asserting that if a > b then b >a. This rule serves as the 
basis for the so-called proofs by contradiction (Latin reductio 
ad absurdum proofs). Let it be required to prove that the 
relation a > b holds, that is to prove that the proposition a 
follows from the proposition b. It often turns out that it 
is easier to prove the fact that if @ is false then b cannot 
be true, that is to show that the proposition “not 6b” (that 
is the proposition 6) follows from the proposition “not a” 
{that is from the proposition a). 

Let us consider an example of a proof by contradiction. 
Let it be required to prove that if an integer n which is 
xreater than 3 is a prime number (the proposition 5) then 
n has the form 6k + 1 (where k is an integer), that is when 


1) The second of these rules asserting that “if a> b and bDa 
then a = b” is sometimes stated as “if b is a necessary and sufficient 
condition for a then the propositions a and b are equivalent” (from this 
roint of view we have assumed the propositions a and b are considered 
“anal in this case). 

-) In this case we even have a > b and § >a, that is a = b. 
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n is divided by 6 the remainder is +41 or —4 (the pro- 
position a). It is rather difficult to prove this fact directly 
without using the rule if a> b then b > a; therefore we 
shall try to resort to a proof by contradiction. To this end 
let us suppose that the proposition @ is true, that is the 
number nr (which is an integer greater than 3) cannot be 
represented in the form 64-41. Since the remainder obtained 
when an arbitrary integer » is divided by 6 can be equal 
to 0 (in this case n is divisible by 6) or to 4, or to 2, or to 3, 
or to 4, or to 5 (the last case is equivalent to the one when 
the remainder is equal to —1), it follows that the assump- 
tion that a is true means that when n is divided by 6 we obtain 0 
in the remainder (that is n is divisible by 6) or 2, or 3, or 4. 
An integer divisible by 6 cannot be a prime number; if 
an integer n > 3 gives 2 or 4 in the remainder when it is 
divided by 6, then this integer is even and therefore it 
cannot be a prime number; if the division of n hy 6 gives 3 
in the remainder, then n is divisible by 3 and cannot be 


a prime number either. Thus, } follows from a (or, symbo- 
lically, 6 > a) whence we conclude that 

a2Db 
which is what we intended to prove?). 


Exercises 


1. Give the verbal statement of the De Morgan rules of 
the algebra of propositions: a + b = ab and ab = a-+ b. 

2. Give examples demonstrating the following rules: 

(a) the law of excluded middle; 

(b) the law of contradiction; 

(c) the law of double negation. 

3. Give one example to demonstrate each of the proper- 
ties of the relation > for propositions enumerated on page 67. 

4. Give an example of a proof by contradiction and write 
it in the symbolic form. 

3. Let a > b. Simplify the expressions of the sun a + b 
and of the product ab of the two propositions a and 0. 

1) The following argument is more precise: from the relation 
b > a we have proved it follows that (a) => (6), that is a meas now, 
ince by virtue of the Jaw of double negation we have @ == a and 


8 
B = b, there must be a > 6. 
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6. Further Examples of Application 
of Rules for Deduction. Implication 


The rules of propositional algebra can be applied to the 
solution of logical problems whose conditions form a col- 
lection of propositions using which we must establish the 
truth or the falsity of some other propositions. Below is 
an example of this kind. 

A family consisting of a father (/), a mother (M), a son (S) 
and two daughters (D,; and D,) spends its vacation at 
the sea shore. They often swim early in the morning and 
it is known that when the father goes swimming then the 
mother and the son always go swimming together with him; 
it is also known that if the son goes. swimming his sister D; 
goes with him. The second daughter D, goes swimming 
then and only then when her mother does and it is known 
that at least one of the parents goes swimming every morning. 
Finally, it is known that last Sunday only one of the daugh- 
ters went swimming. The question is: who of the members 
of the family went swimming last Sunday morning? 

Let us denote the propositions “the father went swimming 
on Sunday morning”, “the mother went swimming on Sunday 
morning”, “the son went swimming on Sunday morning”, 
“the first daughter went swimming on Sunday morning” 
and “the second daughter went swimming on Sunday morn- 
ing” by the same symbols F, M, S, D, and D, respectively. 
As usual, the negations of these propositions will be denoted 
by the same symbols supplied with the bar. In the syinbolic 
form the conditions of the problem are written thus: 


(1) FMS+F=i 
(2) SDp+S =i 

(3) MD, -+- MD, ==i 
(4) F+ M=i 

(5) DD, +D,D,->i 


<here the letter i denotes a necessarily true proposition. 
im multiplying all these equalities we obtain the relation 


PALS + F) (SD, +8) (MDz + MD») (F + M) (DD, ! D,D2) -i 


6u 


which is equivalent to the system of equalities (1)-(5) because 
the product of propositions is true if and only if all the 
multiplicand propositions are true. 

Let us open the parentheses in the expression on the left- 
hand side using the first distributive law and also the com- 
mutative, the associative, the idempotent laws and the law 
of contradiction AA = O together with the relations A +- 
+O .-A and AO =O. To simplify the transformation 
we change the order of the factors: 


(FMS + F)(F + M)= FMS + FM 

(FMS +- FM) (MD,+ MD,) == FMSD,+ FMD, 

(F MSD» + FMD») (D,Dz + D,D2) = FMSD,D. + FMD,D, 
(FMSD,D, + FMD,D2) (SD, + 8)— FMSD,D, 





Thus, we finally obtain 
FMSD,D, ay i 


which means that only the mother M and the second daugh- 
ter D, went swimming on Sunday morning. 
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The solution of the problem we have presented is based 
on the algebraic transformations by means of which we have 
simplified a rather complex expression 


(FMS + P) (SD, +8) (MD, + MD,) (F + M) (D,D, + D,D;) 


and have brought it to the form FMSD,D,. This procedure 
turns out to be useful in many other cases and therefore 
we shall dwell on it in more detail. 

Suppose that we are given an arbitrary algebraic expres- 
sion f = f (pi, Pe, -- +» Pn) composed of propositions pi, 
Pos -- +> Pn With the aid of the basic operations +, - and 
the “bar” operation of the algebra of propositions. We shall 
prove that if the compound (composite) proposition f is not 
necessarily false (that is f is not equivalent to 0) then it can 
be reduced to the form 


PA PPe nee Di (*) 
10 


where the symbol pi (j = 1, 2, ..., n) in each term of the 
sum denotes either p; or p; and all the terms of the sum are 
pairwise different. Besides, if two composite propositions f, 
and f, are equal (equivalent) they have the same forms of type 
(*) and if they are different (not equal to each other) their forms 
of type (*) are also different. Form (*) of a composite pro- 
position f is called its additive normal form’). 

The proof of the assertion we have stated is quite simple. 
First of all, using the De Morgan formulas we can transform 


the composite proposition f (pi, py, -.-, Pn) so that the 
sign of negation (the bar) stands only above some (or all) 
constituent (prime) propositions py, Ps, .- +» Py but not 


above their combinations (their sums or products). Further, 
using the first distributive law we can open the parentheses 
in all those cases when they mean that to obtain the expres- 
sion f it is necessary to multiply by one another sums of 
prime propositions p; and their negations pj; or some more 
complex combinations of the propositions. On opening all 
the parentheses of this kind we reduce the compound pro- 
position f to an“additive” form written as a sum of a number 
of terms each of which is a product of prime propositions p; 
and their negations. 

Further, if a term A of the sum we have obtained contains, 
for instance, neither the proposition p, nor its negation 


Pp. we can replace it by the equivalent expression 
A (p+ Pr) = Apt Apr 

which is a sum of two terms each of which contains the 
factor p, or pi. In this way we can bring the sum f to the 
form in which all the summands contain as factors all the 
propositions p1, Po, ..-, Pn or their negations. If a term 
in this sum contains both factors p; and p; it can be simply 
dropped (because pp = o for any p); if a term in the sum 


contains one and the same proposition p, (or p,) several 
times as a factor then we can retain only one such factor 
and if the sum f contains several identical] terms we can 
also retain only one of them (we remind the reader that 
the Boolean algebra is an “algebra without exponents and 
coefficients”; see page 22). If all these operations result 


1) In mathematical logic form (*) of a composite proposition is 
more often referred to as its disjunctive normal form. 
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in the disappearance of all the terms in the snm /f we shall 
have 
f -o 


If otherwise, the given composite proposition f is reduced 
to its additive (disjunctive) normal form (*). 

Finally, it is evident that if two compound propositions 
f, and f, reduce te one and the same form (*) they must be 
equal. On the other hand, if forms (*) of two propositions 
are different these propositions cannot be equal (equivalent). 
For if, for instance, m = 4 and form (*) of a proposition f, 
involves the summand 


P1PaPsP 


while form (*) of a proposition f, does not involve such term 
the proposition f, is true if the propositions p,, p, and p, 
are true while the proposition p, is false; as to the propo- 
sition /,, it cannot be true in the latter case. We have thus 
proved that to every proposition f there corresponds its 
uniquely determined additive normal form. 

The last property can be used for verifying whether two 
composite propositions f, and f, are equivalent or different. 
Obviously, we can always assume that any two given com- 
posite propositions f, and f, contain the same prime pro- 
positions p, q, r, etc. because if, for instance, a proposi- 
tion p iscontained in the expression of f, but is not contained 
in the expression of f, we can write f, in the form 


he (p+ P) 


which involves the prime proposition p. It also turns out 
that the additive (disjunctive) normal form of a compound 
proposition is very useful in many other cases. 

One example of this kind was considered above. Below 
is one more problem whose mathematical content is close 
to that of the “swimming problem” solved above. Let us 
consider a simplified curriculum in which there are only 
three educational days a week, namely, Monday, Wed- 
nesday and Friday, and let there be not more than three les- 
sons every educational day. It is required that during 
a week the pupils should have three lessons in mathematics, 
two lessons in physics, one lesson in chemistry, one lesson 
in history and one lesson in English. 11 is also required that 
the time-table should satisfy the following conditions. 
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(14) The mathematics teacher insists that his lessons 
should never be the Jast and that at least twice a week they 
should be the first; 

(2) The physics teacher does not want his lessons to he 
the last either; at least once a week he wants his lesson to 
he the first; besides, on Wednesday his lesson must not 
be the first while, on the contrary, he wants to have the 
first Jesson on Friday; 

(3) The history teacher can only teach on Monday and 
on Wednesday; he wants to have the first or the second 
lesson on Monday or the second lesson on Wednesday; 
besides, he does not want his lesson to precede the English 
lesson; 

(4) The chemistry teacher insists that his lessons should 
aot be on Friday and that the day he has his lesson the 
yupils should have no lesson in physics; 

(5) The English teacher insists that his lesson should be 
the last and, besides, he cannot teach on Friday; 

(6) It is naturally required that every educational day 
the pupils should have not more than one lesson in every 
subject; 

(7) In this curriculum there are only 3+ 2+4+141+14-+ 
4+- 1 = 8 lessons a week while the total number of possible 
‘essons is 3 X 3 = 9 and hence once a week the pupils have 
only two lessons. The last requirement to be satisfied is 
‘hat the pupils should have time of leisure either instead 
of the last Jesson on Friday or instead of the first lesson 
on Monday. 

How can the time-table satisfying all these conditions 
5e worked out? 

Let us index the 9 possible lessons in succession by the 
suimbers from 1 to 9; then to solve the problem we must 
wstablish the truth or the falsity of the 54 propositions 
Wj, Phj, Chj,H;,E; andL;(where j = 1, 2, ..., 9) mean- 
‘ng, respectively, that the jth lesson is devoted to mathe- 
xaties, physics, chemistry, history, English or is the time of 
-eisure. The conditions of the problem can now be written 
‘s the following system of relations: 


(S) fr MyM eMo(MiMy-+ My Ma Mgr) =i 


(hie PhsPhigPhe (Ph, + Phy, -- Phiq) Ph PhigPhg cs j 


(3) fa~ (Act Hat Us) Ea Mak WE 
as Hslg+ Hiks + Ak) i 
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(4) fy --- ChaChgChy (PhyChg-l- PhyChy + PhoCh, + PhoCh3+ 
sh PhoChy + PhgChs) =i 
(9) fs== E3+ Ee+ Eg+ EL; + EsLe+ Ely) E,EsEy = 
(6) fe=(,M2+M,M,+M.M34+-M,Ms5+...+]13M9) ~ 
x (PhyPhy + Ph,Ph, +... + PhsPhs) =i 
(7) fp=Lyt+Ly=i 


This system of relations is equivalent to one equality 


f= hifefafalsfels = 4 
The additive normal form of the proposition f is 
f — M,H,ChysM,PhsE6Ph,Mgl, .. . + 
+ M,Ph,E,M,H;Che PhaM,L, . . . 


where the dots symbolize 54 — 9 = 45 multiplicands enter- 
ing into each of the two terms of the sum f with the sign 
of negation (the bar). Hence, there are only two ways of 
working out a time-table satisfying all the requirements stated: 

(1) Monday: mathematics, history, chemistry; Wednesday: 
mathematics, physics, English; Friday: physics, mathematics, 
time of leisure; or 

(2) Monday: mathematics, physics, English; Wednesday: 
mathematics, history, chemistry; Friday: physics, mathematics, 
time of leisure. 

Likewise, it should be noted that every compound pro- 
position f = f (Pi, Pe, -- +» Pn) can also be brought to 
its multiplicative normal form?) 


f=[[¢pi tpt... +pi) (*) 


where the symbols p; have the same sense as in formula (*) 
and all the terms in the product are pairwise different; 
this form is also uniquely determined for a given proposition 
and characterizes completely the whole class of the pro- 
positions equal (equivalent) to that proposition. The proof 
of this assertion is quite analogous to the argument which 
we used in proving that every compound proposition f 











1) In mathematical logic form (**) of a composite proposition 
is usually referred to as its conjunctive normal form. 
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can be brought to form (*); the difference between the proofs 
is very slight, for instance, instead of the first distributive 
law we must use the second one. 


* * 


Let us come back to the “swimming problem”. Let us 
discuss the instructive comparison of the solution of the 
problem presented above with a solution which can be given 
by a pupil who is not familiar with elements of mathe- 
matical logic. 

Such a pupil would replace equalities (1)-(5) and their 
formal transformations presented above by a “non-forma- 
lized” argument (that is an argument which is based on 
“common sense” instead of the laws of logic stated in a ri- 
gorous way) such as the following: “if the father went swim- 
ming on Sunday morning then the mother and the son would 
go with him; but the first daughter would follow the son 
and the second daughter would go together with her mother; 
however, since only one of the daughters went swimming that 
morning the father could not go swimming” and so on. 
It is however quite evident that an argument of this kind 
is in fact also based on the rigorous laws of propositional 
algebra and that the so-called “common sense” exactly 
follows these laws. For instance, the above argument can 
be stated thus: “by the conditions of the problem, we have 


M2>F and SDF 
Besides, 
D,>S8S, D,>M and MDD, 
Therefore M=D, and, consequently, 
D,D>F 
while from D,; > S and S >F it follows that 
D, DF 


Thus, from proposition F follow propositions D, and Dy. 
Since only one of these propositions is true we conclude 
that the proposition F is true” and so on. Thus, the “forma- 
lization” of ordinary inferences which was demonstrated 
in the solution of the problem we presented above reduces 
simply to the exact enumeration of all the conditions used 
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in the argument and to the introduction of mathematical 
symbols making it possible to write in a concise form both 
the given conditions and the course of the solution. 

The solution of the “swimming problem” can easily be 
obtained by using an electronic computer because the rules 
of propositional algebra on which the solution given in 
this book is based can easily be inserted in the “memory” 
of the computer and the further course of the solution be- 
comes automatical. 

Problems of this kind are rather often encountered in 
practice. For instance, the problem of working out a real 
time-table for an educational institution has a similar 
character because it is necessary to take into account many 
interrelated conditions such as the wishes and the possibili- 
ties of teachers and pupils or students, the necessary alter- 
nation of subjects of different character and different dif- 
ficulty, lectures, lessons, laboratory work, etc. (cf. the 
problem mentioned on pages 72-75). A traffic controller 
deals with a similar problem when introducing a rational 
dispatching system and the like. At present many problems 
of this type are often solved on electronic computers; the 
programming of the work of a computer is based on the laws 
of mathematical logic and, in particular, on “propositional 
calculus” to which Secs. 5 and 6 of the present book are’ 


devoted. 
* 


The relation p > q between two propositions p aud q 
plays an important role and that is why it is advisable to 
consider one more binary operation of algebra of propositions 
which is connected with this relation. This binary operation 
forms a new proposition called the implication of propo- 
sitions p and q; we shall write this operation as g = p. 
The proposition g = p is formed of the propositions qg and p 
by connecting them with the expression “if ..., then...” 
or with the word “implies”; thus, the proposition g = p 
reads: “if q, then p” or, which is the same, “q implies p”. 
For instance, if the propositions g and p are “Peter is an 
excellent pupil” and “an elephant is an insect”, respectively, 
then the proposition q => p ineans: “if Peler is an excellent 
pupil, then an elephant is an insect” or, which is the same, 
“fram the fact that Peler is an excellent pupil it follows that 
un elephant is an insect” or “the fact that Peter is an excellent 
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pupil implies that an elephant is an insect”. By definition, 
we shall consider an implication q= p to be true when 
and only when p => q; thus, the composite proposition 
q => p is equivalent to the proposition “the relation p > q 
takes place”. Therefore, in case the proposition q is false 
the proposition g = p is true for any proposition p (because 
a false proposition g implies any proposition p). For instance, 
if a pupil whose name is Peter has bad marks we shall con- 
sider the above proposition q=> p which means “if Peter 
is an excellent pupil then an elephant is an insect” to be true. 

It should be stressed that there is a great difference bet- 
ween the operation of forming an implication q = p (this 
is one of the operations of propositional algebra) and the 
relation p > q. The composite proposition g =p can be 
formed of any constituent (prime) propositions p and q; 
as any other proposition, the proposition q => p may turn 
out to be true or false. As to the relation p > q, it connects 
only some pairs of propositions; the fact that the relation 
p>q holds is not a proposition but is a fact concerning 
these two propositions p and gq. 

We should stress a peculiarity of the implication q => p 
of two given propositions g and p: in contradistinction 
to the operations of forming the sum (“disjunction”) p + 4 
and the product (“conjunction”) pq of propositions, the 
operation q = p is non-commutative, that is, in the general 
case, the proposition p = q differs from the proposition 
q => p. The implication p = q is called the converse of the 
implication q=> p. The relationship between the impli- 
cation g=>p and its converse p= q is quite similar to 
the relationship between the direct theorem “if q, then p” 
(for instance, “if all the sides of a quadrilateral are equal, 
then its diagonals are mutually perpendicular”) and the con- 
verse theorem “if p, then q” (“if the diagonals of a quadrila- 
eral are mutually perpendicular, then all its sides are equal”). 
As is well-known, generally, the statements of a direct 
theorem and the corresponding converse theorem are not 
necessarily equivalent: one of them may turn out to be 
true while the other can be false. At the same time, the 
implication p = q called the contrapositive of the impli- 
cation q=> p is equivalent to the latter for the relation 
p > q holds when and only when the relation ¢ > p holds 
The relationship between the proposition g = p (which 
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means “if q, then p”) and its contrapositive p = q (that 
is the proposition “if p is false then q is also false”) is quite 
similar to the relationship between a direct theorem (for 
instance, “if all the sides of a quadrilateral are equal, then 
its diagonals are mutually perpendicular”) and the converse 
of the theorem which is the inverse of the original theorem, 
“if the diagonals of a quadrilateral are not mutually. per- 
pendicular, then all its sides are not equal”. By the inverse 
of a theorem (implication) g = p is meant the implication 
q=> p, and the converse of the latter is the implication 
p = q (to the example of the direct theorem we have given 
there corresponds the converse of the inverse asserting that 
“if the diagonals of a quadrilateral are not mutually per- 
pendicular, then it is false that all its sides are equal’). In 
other words, the theorem p = q is equal to the direct theo- 
rem g=>p. As to the implication qg= p expressing the 
inverse of the theorem | (implication) gq => p (in the case of 
the above example, q=>p is the theorem which reads: 
“if it is false that all the sides of a quadrilateral are equal, 
then its diagonals are not mutually perpendicular’), it is 
not equivalent to the direct theorem (q = p) but is equi- 
valent to the converse theorem (implication) p = q which 
means “if p, then q” (because the property “if a > 6, then 
b > a” which is one of the basic properties of the relationD 
implies that the relations g > p and p > q hold or do not 
hold simultaneously). 

Together with the implication q = p, in mathematical 
logic is sometimes considered the so-called biconditional 
proposition formed of two propositions gq and p; we shall 
denote it by the symbol q <> p. The biconditional propo- 
sition g <> p reads: “p, if and only if q’*). For instance, for 
the propositions p and g given as examples on page 76 
the proposition g <> p reads: “Peter is an excellent pupil if 
and only if an elephant is an insect”. The last statement 
is a new proposition (although rather funny!): the opera- 
tion of forming the biconditional proposition from two 
given propositions q and p is also a binary operation of 
propositional algebra which assigns to every pair g and p 





+) Instead of “if and only if” in English mathematical literature 
ix often used the expression “iff”? which is the abbreviation for the 
former. — Tr, 


78 


of propositions a new proposition which we denote q <> p. 
It is quite clear that the relationship between the bicon- 
ditional proposition gq <> p and the equivalence relation 
p = q is similar to the relationship between an implication 
q => p and the relation g > p: the proposition q <> p is 
true when and only when the equivalence p --. q takes place. 
{n contrast to the implication g = p of two propositions 
gq and p, the biconditional proposition is commutative: 
the propositions q¢<>p and p <> q are equivalent for 
any two propositions q and p, that is we always have 


(p< 9) = (=D) 


The notion of the “truth set” of a proposition (see page 55) 
makes it possible to extend the new operations g => p 
and g <> p of algebra of propositions to algebra of sets. 
Let q and p be two arbitrary propositions and let Q and P 
be their truth sets respectively. We shall denote the truth 
set of the proposition g = p as Q => P and the truth set 
of the proposition gq <> p as Q <> P. It is obvious that 
the implication qg = p is true if and only if either the pro- 
position q is false (a false hypothesis implies any conclusion) 
or the propositions g and p are simultaneously true (a true 
hypothesis implies any other true statement). This means 
that the set Q = P is the union of the complement of the set Q 
and the intersection of the sets Q and P (see Fig. 28,a). It 
follows that 


Q>P=0+0P 


and consequently 


q=> p=q-+qp 


Thus, the implication qg => p formed of two propositions q 
and p can be defined in terms of the basic operations of 
propositional algebra, that is in terms of the operations 
of addition of propositions, multiplication of propositions 
and the operation of forming the negation. For instance, 
according to the last relation, the above proposition “if 
Peter is an excellent pupil, then an elephant is an insect” 
is equivalent to the proposition “Peter is not an ercellent 
pupil or Peter is an excellent pupil and an elephant is an 
insect”. 

Similarly, a biconditional proposition gq <> p is true 
‘Y¥ and only if either both propositions g and p are true or 


79 









oe 





‘ 


both propositions gq and p are false. Hence, the sei Q <> P 
is the union of the intersection _of the sets O and P and the 


intersection of the sets @ and P (see Fig. 28,b): 
Q<>P=QP+0P 


It follows that the biconditional proposition g <> p 
formed of two propositions q and p can also he expressed 
in terms of the operations of propositional algebra studied 
earlier, namely: 


Lid 
(c) 


Fig. 28 


Q<> p-=yp+ap 


The formulas we have written readily show that the ope- 
ration <> of forming a biconditiona) proposition is a 


8u 


commutative operation of algebra of propositions while an 
implication gq => p is non-commutative: 

q <> P= 9p qp= D1 
but 


g= P=9+qp# p+ py=p>q 
(see Fig. 28c, where the truth set P + @ of the converse 
p => qof the implication | q =>p is shown). On the other hand, 


the contrapositive p= q of the implication q=> p is 
equivalent to the latter: 


P>=(P)+PY=P+PI=I+PI=I=>P 
because from Fig. 28,a it is seen that the sets Q@=> P = 
-Q+ QP and P>Q=P4H P@ coincide. The equiv- 
alence between the implicationg = p of propositions q 


and p and the contrapositive p= q of the implication 
can also be proved without resorting to the Venn diagram: 


p>q=pt+pq=p(qt+o+py= 

= pq-|- pa+ pa= pa-+(p + P)@=PI+I=q+qp=4=>p 
(here we have used the commutative, the associative and 
the distributive laws and also the identities pi = p and 


p + p = i). Similarly, the proposition q = p is equivalent 
to the converse p => q of the implication q = p: 


q=> p= +9p= pt pi=p>+q 
* 


The formulas q>p—=—q-+qp and q<>p=qp+ 4p 
express the operations = and <> in terms of the basic 
operations of addition and multiplication and the “bar” 
operation of the Boolean algebra. That is why, although, for 
instance, the operation of forming an implication is highly 
important we do not include it into the list of the basic 
operations which form the foundation of the definition 
of a Boolean algebra. However, it also turns out that the 
three original operations +, - and — are not independent: 
using the De Morgan formulas we can express each of the 
{wo operations + and - in terms of the other and the “bar” 
operation. For instance, the “Boolean multiplication” of 
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propositions can be defined thus: 





Fig. 29 





Pd=P+4 

Moreover, it turns out that there is an operation defined 
in Boolean algebra in terms of which all the three opera- 
tions +, - and — can be expressed. This makes it possible 
to reduce all the variety of operations used in Boolean 
algebras to a single operation and its various combinations. 
One of the well-known operations of this kind is the so- 
called (Sheffer!)) stroke operation a |B (here a and £ are 
elements of an arbitrary Boolean algebra) which is ex- 
pressed in terms of the “Boolean multiplication” and the 
“bar” operation as 


a | P= af 
In the case when the Boolean algebra in question is an alge- 
bra of sets whose elements A, B, C, ... are some sets for 


which the operation of addition A + B, the operation of 
multiplication AB and the operation of forming the com- 
plement A of any set A are defined as was done in Secs. 1 
and 2, the Sheffer operation A | B reduces to forming the 
intersection of the complements of the sets A and B (see 
Fig. 29,a). 

The Sheffer operation is obviously commutative, that is 


a|B= Bla 


1) Tf. M. Sheffer, an American logician of the beginning of the 
20th century. 
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for any « and §. Further, from the basic properties of the 
operations of a Boolean algebra il follows that 





(|B) | (| B) = (@B) (@B) = 1) + (BI L(&) + (BI — a +8 
(a|a)|(B|B) = (@a)-(BB) = [(a) + (@)IT(B) E(B) = of 
and 





(a|\a)=aa=a 
Thus, if we take the Sheffer operation @ | B as the basic one 
: is aa to define a + B, aB and @ as (am | BY | (@ | B), 
(a | a) |(B |B) and @ | a@ respectively. 
The role analogous to that of the Sheffer operation can 
also be played by another binary operationa | # defined as 


ajp=a+p 
(for algebra of sets the operation A { / reduces to forming 
the union of the complements of the sets A and B; see Fig. 296). 
{t can readily be seen that 


(a}a)} (BB) = @+a)+6+8)- -a-+p=a-+B 
a4 B){ (@ 1p) =(@+ B)-- (+B) @ 
and 
(aja)=ata=a 


Therefore the operations «+ 8, @B and @ can also be 
defined in terms of the operation a@ | B. 

The definition of a Boolean algebra is sometimes stated 
using only one “ternary” operation {a, B, y} defined as 


{ay} = @B + By + yo = (a +B) (B+) (¥ +2) 


This operation assigns a new element 6 = {a, 6, y} to 
every triple of elements a, B, y of a Boolean algebra (cf. 
['xercise 6 on page 23). (The operations + and-which assign 
new elements to any pair of elements of a Boolean algebra 
are binary operations; the “bar” operation assigns a new 
foment a to one element @ and is an example of a “unary” 
aperation.) For an algebra of sets the clement {ABC} = 

AB+ BC + CA is the set coinciding with the union 
‘the pairwise intersections of the sets A, B and C (sce Fig. 30) 
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or, which is the same, with 
Aho cnewis.oooon Jf 2. poi- 
wise unions of these sets. 

The ternary operation 
{ } is obviously commu- 
tative with respect to the 
interchange of any two of 
the elementsentering intoit: 


{aby} — {avB} = {Bary} = 
= {Bya} = {yaB} = (yBe} 
Further, this operation pos- 


sesses a certain kind of 
distributivity: 


{af (y8e}} ~ ({aBy) 5 {ae} 
It also possesses a (weakened) associativity: 
{a8 {aB5}} = {{aBy} BS} 


Finally, for this operation there holds a law analogous to 
the idempotent laws for addition and multiplication: 





Fig. 30 


{coef} = 


The operation @ can be defined with the help of the ternary 
operation {apy} by means of the following condition similar 
{fo the idempotent law we have written: 


{aap} =f (A) 
Since this condition is symmetric with respect to the ele- 
ments a and @ it obviously implies that 


a=a 
Further, if we fix a “special element” t among the elements 
a, B, py, ... forming a set for which the ternary operation 
{aby} is defined and put t = o then it is also possible to 
define the basic (binary) operations of the Boolean algebra 
in terms of the ternary operation {aPy}: 
a+P={apt} and afp={aBo} (B) 


By virtue of (A) and the idempotent law, we shall also have 





a+o={ao}={au}=a- and at={ato}={ai}--« 


a-+ue={au}-=t and ao—{aoo}-0 


Uefinitions (A) and (B) make it possible to state all the 
properties of the operations of the Boolean algebra so that 
the corresponding expressions involve the ternary operation 


faBy} solely. 

In propositional algebra the Sheffer operation p |q 
and the ternary operation {pqr} have the following meaning: 
p |q reads: “neither p nor q is true” (that is why in logic 
the Sheffer operation is sometimes referred to as the joint 
negation) and the proposition {pqr} reads: “at least two of 
the three propositions p, q and r are true’. Further, we have 


P+q=(Plal|Plqg 


pa = (Pp |p) |(@ 14) 
and 


p=p|p 
and, consequently, 
a= p=atop AMID PIPIAOIMGO (PLP lata 
and 
q<—> p=pyt+py=r|r 
where 


r= l(plp) (qi al lp |p) lip) i (ale) lato 
With the aid of the ternary operation {pqr} the sum (“dis- 
junction”) and the product (“conjunction”) of two propo- 
sitions p and q are expressed thus: 
p+a= {pq} and pq = {pqo} 


* * 


We have already discussed the relationship between the 
operations q=> p and the relation q> p. Using algebraic 
symbols we can express this relationship as 


p> (q=>p)¢q 


In other words, if the implication q = p is true and the 
proposition q is true then the proposition p is also true. This 
obviously follows from the expression of the implication 
in terms of the other operations of a Boolean algchra: we 


have q= ps q+aqp and consequently 


(9=> P)g= (4+ gp) a= Ob P= GP 


whence it follows that 
p>wpw- (a= p)q 

The relation p > (¢ = p) q expresses the form of a logical 
statement known as the classical syllogism; for instance, 
a typical syllogism is: 

“All men are mortal (that is if N is a man then N is mortal; 
this can be written as an implication q = p); 

Peter is a man (q); 

Consequently, Peter is mortal (p)”. 

The logical statement expressed by the relation 


q>(q=> P)P 


is also true; it meansthat if the implication q => p is true 
and the proposition p is false then the proposition q is also 
false. The last relation also readily follows from the for- 
mula for the implication: we have 


(7=> p) P=(7+ P2)P=FP+(PP)Y=7P+o0= GP 


and therefore g > (q=> p) Pp = 9p. 

Here is an example demonstrating the application of the 
logical rule g > (q => Pp) D: 

“All mathematicians reason logically (that is if N is a 
mathematician then he reasons logically; this can be regard- 
ed as an implication q => p); 

Paul reasons illogically (p); 
Consequently, Paul is not a mathematician (q)”. 
Similarly, we have 


q> (=> p)(pr)r 
which means that if g implies a proposition p, p is equivalent 
to rand r is false then q is also false. Indeed, by virtue of the 
formulas expressing the implication and the biconditional 
proposition, we have 


(¢=> p) (p <> r)r= (7+ pq) (prt pr) r= 
= 9p (rr) + q pr parr) + (pp) yr= ob gprto--omgpr 
and, consequently, 
q2 q pr-=(q=> p)(peerir 


Se 


Here is an example of an argument following this rule: 

“Tf the sides of a quadrilateral are equal then the quadrila-. 
teral is a parallelogram (or, more precisely, a rhombus; 
this proposition is an implication g = p); 

A quadrilateral is a parallelogram if and only if its dia- 
vonals bisect each other (p <= r)"; 

The diagonals of the given quadrilateral ABCD do not 
hisect each other (r); 

Therefore it is false that all the sides of the quadrilateral 
ABCD are equal (q)”. 

In contrast to the above, the following two relations 
may turn out to be false: 


q> (9=> P)P 
and _ _ 
p> (d= P)q 

Indeed, we have 


(=> p)p=(q-- ap) p=9ptqp=(4+-D P=ip=p 
and 


(9 p)a=(9+ 9p) 9 =9+(99) P=9+0P=49 

and the relation 

q—> Pp 
and the (equivalent) relation 

p>4 
do not, of course, follow from the rules of propositional 
algebra and may not take place. That is why the following 
two statements (which, unfortunately, are rather frequently 
used, particularly, by non-mathematicians) do not follow 
from the rules for deduction and are therefore incorrect 
(it should be noted that an clectronic computer which was 
“taught” the theory of Boolean algebras can never make 
~uch a mistake!): 

“q implies p; p is true; therefore the proposition q is also 
rue” (for instance, “opposite sides of a parallelogram are 
equal; the opposite sides AB and CD of the given quadrilateral 
ABCD are equal; consequently ABCD is a parallelogram’); 
and 

“g implies p; the proposition q is false; therefore the pro- 

usition p is also false” (for instance, “lawyers speak well, 


\ ts not a lawyer: consequently N does not speak well’). 
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The examples we have considered (their number can 
easily be increased) demonstrate the role which mathe- 
matical rules of propositional algebra play even in everyday 
life. 

Exercises 


{. Reduce_the composite propositions 
(a) patpt+a: 
(b) par+p+t+atr; 
(c) (p+ 9) (a+r) (r+ p) 
(1) form (*) (see page 70); 
and to 
(2) form (**) (see page 74). 


2. Rewrite the following proposition in the form involv- 
ing only the addition (disjunction) and the “bar” operation 
(negation): 


(a) q=> (p+); 


to 


(b) pa => q; 
(c) (p+ q)> (p+ r)> (4+ rv); 
(d) pars. 


3. Find which of the following propositions are true and 
which are false: 


(a) p+q>p; 

(b) pqa>@ 

(c) (p= p) <= Pp; 

(d) (p= p) <> p; 

(ec) pa <> 9p. 

4, Write the negations of the following propositions in 
the form which only involves the sign of negation (the bar) 
over the propositions p, q and r themselves but not over 
their combinations: 


(a) p> 94; 

(b) (p+ajyr; 

(c) (pt qr 
(dq) p< (p+ 9). 
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5. Express the implication (=) and the biconditional 
proposition (<=>) in terms of 


(a) the operation | (see page 83); 
(b) the operation {}. 


7. Propositions and Switching Circuits 


Here we shall discuss one more example of a Boolean 
algebra which may seem rather unexpected. As the elements 
of this algebra we shall consider various switching circuits, 
that is electric circuits with a number of switches each 
of which can be open or closed. Separate sections of such a 
circuit (for instance, see a section shown in Fig. 34) will 
be denoted by capital letters; it is these sections that are 
elements of the peculiar algebra under consideration (earlier 
we used capital letters for denoting sets). 

Since a section of an electric circuit is only meant for 
conducting an electric current, we shall consider any two 
sections which are similar in this sense to be identical 
(“equal”). In other words, any two sections containing the 
same switches and simultaneously permitting or not per- 
mitting passage of current for the same states of all the 
ae (every switch can be in one of the two states: 
“open” or “closed”) will be considered “equal” to each other. 


£2} 


Fig. 31 


A 
A B 
_/k —— SP o_o —— AB 
A+B 
B 


(b) 
Fig. 32 
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7 a OL Or a 
A+B+C 
Cc 
(a) (b) 
Fig. 33 
A 
A Cy 
c ae 
(A+B)C AC+BC 
B B Cs 
(a) (b) 
Vig. 34 
A By A B 
AB+C (A+C)(B+C) 
c 
C C 
(a) {b) 
Fig. 35 


Further, let us agree that by the sum A + BA of two sections 
A and B will be meant a circuit with these two given sections 
A and B in parallel connection and that by the product AB 
will be meant a circuit section with the sections A and B 
in series connection. For instance, see Fig. 32,a and b where 
each of the sections A and B of the circuit contains only 
one switch. It is clear that the addition and the multi- 
plication of the sections of an electric circuit are commutative: 


A+B=B+A and AB=BRA 
These operations are also associative: 


(A+B)4+C>A4(B4+C)=A4B4C€ 
AR (C) = 4 (BC) = ABC 


and 


In) 


ive Fig. 33a and b where the “triple sum” A + B+ C of 
‘uree switches and their “triple product” ABC are shown). 
ihe idempotent laws 


A+Az=A and AA=A 


-{so hold for these operations because when two switches 
which are in one and the same state (that is when they are 
open or closed simultaneously) are in series connection or 
.n parallel connection the resultant circuit section gives 
ihe same result as a single switch in that state. The veri- 
ication of the distributive laws 


‘A | B)C = AB+BC and AB4+C= 
=(A+C)(B+C) 


in this “algebra of switching circuits” is a little more com- 
plicated. However, as can be seen from Figs. 34 and 35, 
these laws also hold here (it can readily be checked that 
the switching circuit shown in Fig. 34,a is “equal to” the 
circuit in Fig. 34,b while the circuit in Fig. 35,a is equal 
to that in Fig. 35,0). 

Finally, let us agree that J denotes an always-closed 
<witch (Fig. 36,a) and let O denote an always-open switch 
(Fig. 36,5). It is evident that 


A+OQO=A and AI=A 
(see Fig. 37) and that 
A+J=IJ/ and AO=O 





I 0 
(a) (b) 
Fig. 36 
A 
Ay I 
St ———_— 
0 A+0=A AI=A 
(a) (b) 
Fig. 37 
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(a) (b) 
Fig. 40 


(see Fig. 38). Thus, the roles of the “special” elements J 
and O of this Boolean algebra are played by the circuit 
sections equal to an always-closed and an always-open 
switches respectively. 

Let us also agree to denote as A and A a pair of switches 
such that when the switch A is closed the switch A is necessarily 
open and vice versa; such a pair of switches can easily be 
constructed (see Fig. 39). It is evident that 


Aen T=O and O=I 
and also 
A+A=I and AA=O 
(see Fig. 40,a and b). The De Morgan rules 
A+B=AB and AB=A+R 


are proved in a more intricate manner but they also hold 
in this algebra (for instance, see Fig. 41,@ and h where the 


sections A + Band A + B of the circuit satisfy the condi- 





y2 


a 


A+B 





(a) (b) 
Fig. 41 







ABC+ABC= 
=A(BC+BC) 


Fig. 42 


tion that when the section A + B permits passage of current 
the section A + B does not and vice versa). 

The similarity between the “algebra of switching cir- 
cuits” and the “algebra of propositions” is extremely valu- 
able. In the first place, this similarity makes it possible 
to model composite propositions by means of electric cir- 
cuits. For instance, let us consider the composite proposition 


d = abe + abe 


where a, b and ¢ are some “prime” propositions and the 
addition, the multiplication of propositions and the “bar” 
operations are understood in the ordinary sense as the 
‘agical connectives “or’, “and” and the negation of a pro- 
vosition respectively. Let us associate some switches A, B 
ond C with the given propositions a, b and c; then the com- 
vosite proposition d can be represented by the circuit in 
Fig. 42 which corresponds to the combination 


D= ABC + ABC 
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Fig. 43 


of the switches A, B and C. To verify whether the proposition 
d is true when, for instance, the propositions a and 6 are 
true while the proposition c is false it suffices to close the 
switches A and B in the circuit D and to open the switch C 
(see Fig. 43). If the circuit D with the switches A, B and C 
in these states permits the electric current to flow then D 
corresponds to the true proposition i (that is to the circuit J 
conducting electric current). In other words, in this case 
the proposition d is true. In case the circuit D does not 
permit passage of current (that is it is “equal” to the cir- 
cuit O) for the given states of the switches then the pro- 
position d is equivalent to the false proposition o when a 
and b are true while c is false. 

In the second place, the similarity between the algebra 
of switching circuits and the algebra of propositions allows 
us to use the rules of logic for constructing switching circuits 
satisfying some given conditions (which can be rather com- 
plex). Here we shall give two examples to demonstrate 
what has been said. 


* 


Example 1. It is required to design an electric circuit for 
a bedroom with one electric lamp and with two switches one 
of which is by the door and the other by the bed-side. The 
condition which must be satisfied is that when each of the 
switches is operated on the circuit must become open if it is 
closed before the operation and must become closed if it is open 
before the operation irrespective of the state of the other switch. 

Solution. Let us denote as A and B the switches in the 
circuit. The problem reduces to designing a combination 
C of the switches A and B (and perhaps A and B) such that 
the change of the state of any of the two switches changes the 
state of the whole circuit C to the opposite, that is transforms 
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the circuit permitting the passage of current into the one 
not permitting it and vice versa. In other words, we have 
to find a combination ¢ of two propositions a and 6 such 
that the replacement of the true proposition a by the false 
proposition @ or vice versa changes to the opposite the sense 
(the “truth” or the “falsity’”) of the whole proposition c, 
and the same requirement refers to the proposition b. The 
condition stated is satisfied by a proposition ¢ which is 
true when both propositions a and 6 are simultaneously true 
or simultaneously false and which is false in all the other 
cases (that is when one of the two propositions a and b 
is true while the other is false). This description of the 
circuit involves the connective “or’, which hints that it is 
possible to represent the proposition c as a sum of two pro- 
positions one of which is true when a and » are true while 
the other is true when a and 6 are true (that is when a and b 
are false). Further, since the descriptions of the summands 
of the sought-for sum involve the connective “and” we 
conclude that these summands are 


ab and ab 
Thus, we finally obtain 
c=ab+ab 


It can readily be seen that this proposition ¢ satisfies all 
the requirements stated above. 

Now, passing back from the propositions to the switching 
circuits we see that the electric circuit C we are interested 
in can be expressed by the formula 


C =AB+4-AB 


The construction of such a circuit clearly involves no dif- 
ficulties (Fig. 44). 





Fig. 44 


Example 2. /t is required to design an electric circuit for 
controlling a lift. For the sake of simplicity, we shall assume 
that there are only two floors; we shall also confine ourselves 
to the circuit controlling the downward motion of the lift’). 
This circuit must involve two switches (push-buttons) one 
of which is in the car (the descent button) and the other 
is placed by the lift shaft door on the first floor (the call 
button). The circuit also involves the following additional 
switches: a switch which is closed only when the car is on 
the second floor, two switches connected with the outer (lift 
shaft) doors on the first and on the second floors which are 
closed when the doors are closed, a switch connected with 
the door of the car (the inner door) which is closed when 
the inner door is closed and a switch connected with the 
floor of the car which is closed when a person is in the car 
and the weight of the person exerts pressure on the floor. 
The electric circuit controlling the downward motion of the 
lift must be closed only when the car is on the second floor 
and, besides, when one of the two following conditions is 
fulfilled: 

(1) the outer doors on the first and on the second floors 
and the inner door (in the car) are closed; a person is in 
the car and pushes the descent button; 

(2) both outer doors (of the lift shaft) are closed while 
the door of the car is closed or open; there is no person in 
the car; a person on the first floor presses the call button. 

Solution. Let us denote the switches in the circuit as 
follows: S—the switch which is closed only when the car is 
on the second floor, D, and D,—the switches which are 
closed when the outer doors on the first and on the second 
floors respectively are closed, D—an analogous switch 
connected with the door of the car, F—the switch connected 
with the floor of the car, Bz and B,—the switches connected 
with the descent button in the car and with the call button 
by the lift shaft door on the first floor respectively. According 
to the conditions of the problem the sought-for circuit Cy 
controlling the descent of the lift must be closed (must 
conduct electric current) only if: 

(1) the switch S is closed and the switch D, is closed and 
the switch D, is closed and the switch D is closed and the 


1) The circuit controlling the upward motion of the lift can he 
designed in just the same way (see Exercise 6 on page 100). 
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ans 


switch F is closed and the switch By is closed 


Fig. 45 


or 


(2) the switch S is closed and the switch D, is closed and 
the switch D, is closed and the switch D is closed or open 
and the switch B, is closed and the switch F is open. 

Taking into account that the logical operation “and” 
corresponds to the product of propositions (of switches) and 
the logical operation “or” corresponds to their sum we 
readily find 


C= SD,D.DFBy+SD,Dz (D+ D) BF 
Using the equality 
D+D=I 


and the property of the switch J (AJ = A for any switch 
A) and also the commutative law for multiplication and the 
distributive law we can simplify the expression we have 
derived: 


Ca=SD,Dz(FDBa+ FB,) 
Such a circuit can easily be constructed (see Fig. 45). 


* 


We also note that the possibility of expressing all the 
operations of a Boolean algebra in terms of only one Sheffer 
operation (see Sec. 6) is equivalent to the possibility of 
designing any electric switching circuit using only one 
special component (we denote it 2) with two inputs and 
one output such that the output electric current can flow 
if and only if neither of the inputs is supplied with electric 
‘urrent. Such an element can easily be constructed (see 
rig. 46). For instance, to this end we can agree that to 
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(a) (b) (c) 
Fig. 47 
Sy > ST 
(a) (b) (c) (d) 


(e) (f) (9) (h) 
Fig. 48 
A A 
awe eer Ce 
—4 
(a) (b) 
Fig. 49 


every section of the circuit there correspond two conductors 
through one of which the current flows permanently. In 
Fig. 47,a-c the sum A + B and the product AB of two cir- 
cuits A and B are shown and also the scheme of the circuit 
A corresponding to the circuit A constructed with the aid 
of the “Sheffer component” = (cf. pages 82-85). 

An analogous role can also be played by a component M 
with three inputs and one output such that the output current 
can flow only when at least two of the three inputs of the ele- 
ment M are supplied with electric current (see the scheme in 
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Fig. 48; the element ™ corresponds to the operation 
{ABC} = AB + BC+ CA = (A+ B)(B 4+ C)(C + A) 


of the Boolean algebra, ef. page, 83). In Fig. 49a and 8 
we see how the “addition” and the “multiplication” of two 
circuits A and B can be realized by means of the element M. 


Exercises 


1. Draw switching circuits corresponding to the following 
composite propositions: 


(a) (a+ 6) (ce + d) 

(b) abe + ab+a 

(c) abe + abe + abe 

(d) (a+ b) (a+b) + ab + ab 


2. Sketch switching circuits corresponding to the pro- 
positions 


(a+ c)(b+c)(a+ da) (b+ d) and ab+cd 


and check the “equality” of these circuits. 
3*. Design an electric circuit / containing switches. 4, 


B, C and D (and also perhaps the switches A, B, C and D) 
such that 

(a) the circuit # is closed only when all the switches A, 
B, C and D are closed or none of the switches is closed; 

(b) the circuit & is closed only in the case when some 
hut not all of the switches A, B, C and D are closed. 

4. (a) A committee consists of three members. Design 
an electric circuit showing the results of voting: every 
member of the committee presses a button when he agrees 
with the proposal under discussion; the bulb in the circuit 
must only be switched when the majority votes for the 
proposal. 

(b) Design an analogous circuit for a committee consisting 
of a chairman and five members. It is required that the 
lamp should give light only in the case when the majority 
votes for the proposal or when the numbers of the votes for 
the proposal and against it are equal and the chairman voles 
for the proposal. 

a*, Desien an electric circuit with a lamp making it 
vossible to switch on and to switch off the light by means of 
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(a) three independent switches (cf. Example 1 on page 94): 

(b) m independent switches. 

6. For the conditions of Example 2 on page 96 design an 
electric circuit controlling the upward motion of the lift. 


* * 


8. Normed Boolean Algebras 


The material of Secs. 1-6 of this small book does not 
exhaust the extensive theory of Boolean algebras. The 
notion of a Boolean algebra can be generalized in various 
ways. In this section we shall discuss one notion which is 
directly related to the notion of a Boolean algebra and has 
very many applications?). 

A Boolean algebra consisting of elements @, B, y, . . . etc. 
and containing a “zero” element o and a “unit” element t 
is called a normed Boolean algebra if to every element «@ is 
assigned its “norm” (“absolute value”) | @ | which is a non- 
negative number satisfying the following two conditions?): 

(1) O<lal[<t; loj=0; [rf =4; 
and 

(2) if af =o, then |a+B]=lal+ IPI. 


Examples. 


1°. The “algebra of two elements” (see page 25) consists 
of two “numbers” 0 and 1. These numbers can be taken as 
the norms of the corresponding elements: 


Lose: ba Lead 


1) One of the most important applications lies in the foundation 
of the so-called probability theory on which, unfortunately, we cannot 
dwe]]l in the present small book. 

2) From the fact that ao = o and a + o = gq for any element a 
of the Boolean algebra and from condition (2) it follows that 


Jal/=la+o|/=/al+]lo] 
fo] =0 


Thus, using property (2) we can prove that | 0 | = 0 and, conse- 
quently, the equality | o | = 0 must not necessarily be included into 
the list of conditions defining a norm. (Similarly, the equality |u| = 4 
specifying the “unit norm” is not very important either; however, 
the conditions |@ {20 and | t| > 0 are essential.) 


whence 
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Then condition (1) of the definition of the norm of an ele- 
ment is obviously fulfilled. Further, since 


0-0=0 and |04+0]=0={[0|[4+ |0| 
0-14=0 and |0+14|[=1 lO;+ 414 


condition (2) also holds. (Generally, for any Boolean algebra 
in which condition (1) holds condition (2) also always holds 
if at least one of the elements @ and f coincides with o 
because in this case ao =o and |a+o|=|a|l= 
=|a/+0=]a|-+ Jo.) Hence, with this definition 
of the norm of an element the Boolean algebra of two ele- 
ments 0 and 1 becomes a normed Boolean algebra. 

2°. For the “algebra of four elements” considered in 
Example 2 on page 27 we have pq = 0 and p+q= 1; 
therefore, in order to satisfy conditions (1) and (2), we 
must put 


[Oj;=0, |4f=4 and [pl|4+iqi/=|1}=1 


Let the “numbers” (elements) p and q entering into the 
definition of this Boolean algebra be two arbitrary positive 
numbers whose sum is equal to unity and let 


jt1}=4, |0|=0, |p|=p and |ql=q 


Then condition (1) will be fulfilled. Condition (2) will also 
be fulfilled because the only pair of nonzero elements of 
this Boolean algebra whose product is equal to zero is the 
vair of the elements p and qg, and we have 


LP oPak it ae Pag | Pee 

Thus, this Boolean algebra of four elements with the 
absolute values (norms) of the elements we have defined 
becomes a normed Boolean algebra. 

3°. Now we shall consider an example which elucidates 
the essence of the notion of a normed Boolean algebra 
itself. Let the Boolean algebra under consideration be the 
algebra of sets which we considered in Sec. 1; we shall also 
assume that the universal set (we denote it J here) is finite, 
for instance, let J contain N elements. Let us define the 
norm of any subset A of the universal set J as a number 
proportional to the numbers k of elements contained in A; 
for the condition | J | =41 to be fulfilled the proportion- 
ality factor must obviously be 1/.V so that | A | is the ratio 
wf the number of elements contained in A to the number of 
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elements in the universal set J: 
k 
|Al=+ 


Then condition (4) is fulfilled. Condition (2) is also ful- 
filled and its meaning is quite clear: if two sets A and B 
do not intersect (that is AB = O) then the number of ele- 
ments contained in their sum can simply be obtained by 
adding together the number & of elements in the set A 
and the number / of elements in the set B whence it follows 
that 


[A+ B)= Sh =F +4 =lAl+1B] (48 =0) 


Thus, the Boolean algebra in question with the norm of 
the elements we have defined is a normed Boolean algebra. 

The above definition of the norm | A | of a subset A of 
the universal set J admits of further generalization. Suppose 
that different elements a,, a., ..., @y of the set J are 
assumed to have different “weights” (different “prices”). 
For instance, if J is the set of all chessmen it often turns 
out that it is natural to consider different chessmen as hav- 
ing different “prices”. When we try to “teach” an electronic 
computer to play chess we usually assume that a bishop or 
a knight “costs” approximately 3 times as much as a pawn, 
the rook “costs” 4 or 5 times as much as a pawn, the “price” 
of the queen is 8 or 9 times that of a pawn while the king 
“costs” much more than a pawn, say, its “price” is 1000 times 
that of a pawn. Let the “weights” (“prices”) of different 
elements a@;, da, ..., @y of the set J be equal to some 
nonnegative numbers t, t,, ...-, ty respectively; it is 
also convenient to choose “unit price” so that 


ihtigt...t+iy=1t 
Now let us put 


| A| =|] {ai,, Qing sees ay} l= ti, tht ree bhi 
where i, iy, .- +, iy are some of the numbers ft, 2, ..., 
chosen quite arbitrarily (i, ig, ..., i, are of course pair- 
wise different); then the algebra of the subsets of the set J 


becomes a normed Boolean algebra. 
(If we put 
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ihen the new generalized definition of the norm | A | of a 
subset A reduces to the definition in the example above.) 

4°. The next example is in many respects analogous to 
the previous one. As before, let us assume that the Boolean 
algebra under consideration is the algebra of subsets of a 
set J. But now we choose, for instance, as the universal 
set J a unit square so that the various subsets A of the set 
J are some geometrical figures lying within the square J. 
By the norm (absolute value) of a set A we shall mean the 
area of the figure A. It is quite clear that, under this defi- 
nition, condition (1) of the general definition of the norm 
will be satisfied. Condition (2) will also hold: in this case 
it simply means that if a figure C is split into non-intersecting 
parts A and B (that is AB = O) then its area is equal to 
the sum of the areas of the figures A and B.We see that 
the conditions imposed on the norm have simple meaning 
in this case and they are similar to the conditions which 
define the notion of the area of a geometrical figure. The 
algebra of subsets of the square J supplied with the norm 
thus defined becomes a normed Boolean algebra. Of course, 
almost nothing changes if the role of the universal set J 
is played not by a unit square but by some other geometrical 
figure with area S. In the latter case the norm of a figure A 
should be defined as its area divided by the number S, 
that is as the “relative input” of the figure A into the whole 
area of J. Similarly, if we take as J a three-dimensional 
solid then it is natural to define the norm of its subset A 
as the volume of A (divided, when necessary, by the volume 
of the whole solid J). 


* 


This example also admits of an important generalization. 
Suppose that the solid / is a thin plate of uniform thickness 
made of an arbitrary nonhomogeneous material. Let the 
specific weight of the material at a point M == (z, y) (that 
is the weight per unit area) be determined by a (nonnega- 
tive!) function f (M@)= f(z, y). As the norm |A | of a 
subset A let us take the weight of the part A of the plate J; 
this weight is computed by means of the integral 


(Ais \ f(Mydo= VV fee, y) dx dy 
A 


A 
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where do is the (infinitesimal) element of area of the plate 
adjoining (or containing) the point M. The “unit weight” 
should be chosen so that the weight of the whole plate J 
is equal to unity, that is 


| fy do= | | fle, y)dxdy=1 


J J 


It is easy to understand that the introduction of the norm 
defined in this way (with the aid of an arbitrary nonnegative 
function f (z, y) satisfying only one “normalization con- 
dition” written above) transforms the Boolean algebra of 
figures A into a normed Boolean algebra. 

In the same manner we can also construct a normed Boo- 
lean algebra whose elements are arbitrary domains contained 
in a given three-dimensional solid J assuming that the 
solid is made of a non-homogeneous material and that the 
norm of a domain lying within J is equal to its weight. 

5°. Let us consider the Boolean algebra whose elements 
are the various divisors of a positive integer N for which 
the “sum” and the “product” of numbers are defined, res- 
pectively, as their least common multiple and their greatest 
common divisor (see Example 4 on page 31). In this case 
we can define the norm-| a | of a number a as the logarithm 
of that number or, more precisely, as the ratio log a/log N 
because it is required that the norm of the number N (which 
plays the role of the element t of the Boolean algebra) 
should be equal to unity'). Indeed, it is obvious that con- 
dition (1) is fulfilled in this case. Further, if the condition 
a @ b = (a, 6) = 1 is fulfilled for some numbers a and b 
(the role of the element o of the Boolean algebra in question 
is played by the number 41!) means that the two given num- 
bers a and + are mutually prime; in this case we have 


a@®b=[a, bl = ab 


1) The choice of the base of logarithms is not important here 
because the ratio log a/log N is independent of the base. Indeed, the 
change of the base of logarithms from b to ¢ simply reduces to the 
multiplication of all the logarithms by the constant factor log, b 
(by the modulus of the former system of logarithms to base b with 
respect to the latter system of logarithms to base c): 


log. m = log, b-log, m 
Instead of the equality | a | = log a/log N we can also write | a | = 
= logy a (because logy a = log, a/log, N for any n). 
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and, consequently, 
log (a ® b) = log (ab) = log a + log b 


la@mbl|=|a|+|b| 


We have thus proved that condition (2) entering into the 
definition of a normed Boolean algebra is also fulfilled 
here. Hence, we have a normed Boolean algebra in this 
example. 


that is 


* * 


6°. Let us assume that the elements of the Boolean algebra 
are all real numbers x such that O < xz < 1; let the opera- 
tions be defined as a ® b= max la, b], a @ b = mina, bd] 
and a = 1 — a (besides, o = 0, 1 = 1 and let a > b when 
a > b; see Example 3 on page 28). As can readily be seen, 
this Boolean algebra also becomes a normed algebra if we 
put |@ {|= a. Then condition (1) of the definition of the 
norm of an element of a Boolean algebra is obviously ful- 
tilled. As to condition (2), it follows from the fact that here 
we have a @ b = 0 only when one of the elements a and b 
of the Boolean algebra coincides with 0; if, for instance, 
6 = 0 then obviously a @ b =a and ja @b|=|lal= 
eG \ ee OSS) a ar Bl: 

7°. Another interesting example of a normed Boolean 
algebra can be obtained if we introduce a norm into the 
algebra of electric switching circuits (see Sec. 7). By defi- 
nition, let the norm | A | of a circuit section A be equal to 1 
when this section permits passage of current forthe given 
states of all switches it contains and let | A | = 0 when the 
current does not flow through the section A. Then, natu- 
tally, condition (1) of the definition of a normed Boolean 
algebra is fulfilled because all the possible values of the 
norm are equal to 0 or 1, the norm of the section O which 
plays the role of the element o is equal to 0 (this circuit 
section never permits passage of current) and the norm of 
the section Z which plays the role of the element t is equal 
to 4. Further, the equality AB -- O means that at least 
ane of the sections A and &, say A, does not permit passage 
of current; therefore when AB == O the circuit A + B 
permits passage of current when the other circuit (B) con- 
{ucts current and does not conduct current if otherwise, 
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whence it follows that for such circuits A and B we have 
[A de | A Lape. 

8°. Let us consider an example which is very similar 
to the example of the normed Boolean algebra considered 
above. Let us introduce the norm | p | of a proposition p 
in the algebra of propositions by putting |p | = 1 when 


the proposition p is true and | p | = 0 when p= is false. 
Here we also have 0O<|p|<1 (or, more precisely, 
|p |= Oor|p|=1)and jo] =0, |u| = 1. Further, the 


relation pq = 0 means that the proposition “p and q” is 
false, that is at least one of the two propositions p and q, 
say p, is false. Therefore, in case pg = O the proposition 
p+ q (that is the proposition “p or q’) is true if and only 
if the other proposition (q) is true. Whence it readily follows 
that in this case |p +q|=|p|+ ]q|]. 

The most important normed Boolean algebras we have 
considered are of course those in Examples 7° and 8°. The 
normalization condition for the elements of the algebra of 
propositions assigns to every proposition one of the two 
numbers 0 and 4 which is the truth value of the proposition. 
All the operations of propositional algebra can be charac- 
terized by the indication of the truth values of the composite 
propositions obtained from the constituent (prime) pro- 
positions by means of these operations depending on the 
truth values of the constituent propositions. The sum (dis- 
junction) p + q of two propositions p and q is characterized 
by the condition that p + q is true if and only if at least 
one of the propositions p and q is true while the product 
(conjunction) pq of these same propositions is true if and 
only if both propositions p and q are true. Hence, the ope- 
rations p -+ q and pq can be described by means of the 
following “truth tables”: 





Ip! Jat } Ip+at [pal 
1 a : 4 { 
1 0 | 4 0 
0 1 4 0 


In just the same way we can compile the truth table cor- 
responding to any other composite proposition (cf. Exer- 
cises 1-2 below); the truth table corresponding to the ope- 
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ration of forming negation is particularly simple: 


ipl | 1 P| 
1 O 
0 4 


It is evident that such truth tables completely characterize 
the propositions to which they correspond. Analogously, 
the norm of an electric circuit (see Example 7°) characte- 
rizes the conductivity of the circuit which is its only impor- 
tant characteristic: this measure of conductivity is equal 
to 1 or 0 depending on whether the current flows or does- 
not flow through this circuit. 

Here we shall not dwell in more detail] on the truth tables 
for propositions and the values characterizing the conduec- 
tivity of switching circuits (for these questions see biblio- 
graphy at the end of the book). Let us consider some other 
examples of the application of normed Boolean algebras 
to elementary mathematical problems. 

From properties (1) and (2) of the norm (the absolute 
value) of an element of a Boolean algebra we can derive 
some further properties of the norm. First of all it follows 
that if aw -- o and a-+a=vt then 


Ja|-+Ja}=|a-+o)=[e]= 
Consequently, we see that 
|a|=1—|a] for all « 


Further, for any two elements a and B of a Boolean algebra 
for which the relation @ > 6 holds there exists an element & 
(the “difference” between the elements « and $B) such that 


a=B-+E and P§=o 
(see Exercise 3 below). It follows that 
[a|=[B-+8{=IB/+1§ [2161 
or, in other words, 
if a>, then [a | Sip] 


The existence of the “difference” of two elements @ and B 
fur which @ > B also implies that for any two elements 
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Fig. 50 


a and 6 of a Boolean algebra we have 


a+ B=a- (p — af) 
where the element B — af (the “difference” between 6 
and af) possesses the property that a-(B — af) = o and, 


besides, 
B = a8 +(B —.af) 
where af-(B — aB) — o whence, by virtue of condition 
(2), we obtain 
la+BPl=|a/+1B—ap]| and 
IBIl= leB1+ 1B —-oB | 
On subtracting the second of the last equalities from the 
first one (these are number equalities) and transposing the 
term | | to the right, we obtain the relation 
lot BPl=|lel|+1B1— |p] (A) 
For instance, let | A | and | B | be the areas of two geo- 
metrical figures A and B (see Example 4 above); then the 
sum |A [+ |B | involves twice the area of the inter- 
section AB (see Fig. 50) and therefore 
[Aaa Be Pa pa Le a [SAD | 


Example. Let there be a group of 22 studenis among whom 
10 students are chess-players, 8 students can play draughts 
and 3 can play both chess and draughts. How many students 
can play neither chess nor draughts? 
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Let us denote the set of the students who can play chess 
hy the symbol Ch and the set of the students who can play 
draughts by the symbol Dr. Let us also define the norm in 
the algebra of the sets of the students in the group as it 
was done for a finite universal set in the Example 3°. We 
have to determine the number of students in the set 


Ch-Dr = Ch + Dr 


(see the corresponding De Morgan formula). We have (cf. 
page 102) 








|Ch|=$8, |Drl=& and |Ch-Dr|=4 
whence, by virtue of formula (A), we oe ; 
ee 3 45 
|Ch+ Dr|=|Ch|+|Dr|—|Ch- Dr| = 55 +3 3 = 3 
Consequently, 
|Ch-Dr|=|Ch-fDr|=1—|Ch+Dr]=1-8= 3 


Thus, there are 7 students in the group who cannot play 
either chess or draughts. 

It is clear that equality (A) is a generalization of pro- 
perty (2) of the norm. For aB = o it goes into property (2). 
From (A) it also follows that for any two elements a and § 
of a normed Boolean algebra we have 


la+Bl<lal/+1B] (B) 


This property of the absolute values (norms) of the elements 
of a normed Boolean algebra is analogous to the well- 
known property of the absolute values of numbers. 


* 


We also note that equality (A) admits of a further gene- 
ralization. Let us consider three arbitrary elements a, 
and a3 of a normed Boolean algebra. By virtue of (A), we 
have 


hy ++ A, | =|a4+(a%2+e3)|=[a4|+| q+ 3|—| %4(A_+-a5)| = 





=] 4] + (| ee | + | 3 |] %q%3 |) — | yaa + OyQ%3 | = 
> [ey [+] oe [7] as | —| &eas | — (| @ yay | +] xyes | —] oy Orq0rg |) = 
=| a4 | +] | +] a3 |—| &t2|—| @ya,|—| aoe, | + | yALnGts | 
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because, obviously (a@1@,)-(@1@3) = %:4,%3. We can simi- 
larly express the norm of a sum of four elements: 


| 4 - y+ G3 + Oy | =| &y + (Hg + Ay + Oy) Ce 


=| oy |+ | ee ay + oy | —| Oy (He + &3 4%) | = 

== | | -+ (] [+] 3 | +] a || neg | — | aeey |] 504 | + 
+ | OL yOtg0q |) — | yey 4 H4OL3 -f- tyOr4 | = 

=| Oy] 4-| Oe |-F [as | + | 4] —| eas | —| O24 |— |] Ham, | + 
f+ | Og sOty |— (| Oye | + | Org | + | Hyer, | —| @&ye%Q0y | — 


— | HyOtgor, | — | a yeegoeg | 4+ | He yA%Qaryer4 |) = 
== | ay] +] 2] +] a%3|+ | &,|—| aye, | —| aya3 | —| aor] — 
— | Oby03 | — | AyOe4 | —| &04| + | Hy AX2%e + | Hyer, | + 
+ | @ a3, | ++ | &g0r30%, | —] Hyaomsar, 





Generally, 
[eb Os tast..tonl=Slail— XS |aiei,|-+ 
t 


(iy, ae 
Ds | 024,004, 0i, |— i 
(iy, ig, is) 
Sie ee) a Dia, i, [+ 
(iy, igs sees in-1) 


+ (~—1)""1 | ayorgas ... &y| (A’) 


where the symbol (i, ig, ..., t,) under the summation sign 
indicates that the summation extends over all the possible 
combinations of the pairwise different indices i,, in, ... 
.» i, each of which can be equal to 14, 2, 3, ..., n; 
in the case under consideration we have k = 1, 2, ..., n 
and the sum ba contains only one term (because 
(iy, ages ey in) 
of which the last term in the expression on the right-hand 
side does not involve the summation sign ),). Let the reader 
prove formula (A’) by induction. | 
In the same manner, we can derive from formula (B) the 
relation 


le: t e+... |S[ar|+ia,]+...+ | On | 
(B’) 
which can readily be proved by induction. 
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Below are some examples demonstrating various applica- 
tions of formula (A’). 


Example t. /t is known that in a group of people 
60% of the people speak English; 

30% of the people speak French; 

20% of the people speak German; 

15% of the people speak English and French; 
5% of the people speak Knglish and German; 
2% of the people speak French and German, 
1% of the people speak all the three languages. 


What is the percentage of the people who can speak none 
of the three languages? 

Solution. Let us denote the sets of the people speaking 
English, speaking French and speaking German as e, f 
and g respectively. Then, for instance, ef is the set of the 
people speaking both English and French. Let us consider 
the algebra of the sets of the people in the group as a normed 
Boolean algebra in which the norm is introduced as in 
the first Example 3°. By virtue of formula (A‘), we have 


lee Pel (hed sey le ig eer | eg 
—|fel+ lefg|=06+403+4 0.2 — 

— 0.15 — 0.05 — 0.02 + 0.01 = 0.89 
and consequently the percentage of the people who speak 
none of the three languages is equal to!) 
jefgl=|e+f+g|=1—-le+f+g|=1-—0.89=0.11 =11% 

Thus, 11% of the people speak none of the three languages. 


Example 2.2). There are 25 pupils in a class among whom 
17 pupils are cyclists, 13 pupils are swimmers and 8 pupils 
are skiers. None of the pupils is good at all the three kinds 


1) In this solution we use the following fact which can easily be 


proved by induction: for any number k of elements a, Go, ..., GR 
of a Boolean algebra there holds the relation 
Ohy+ Og ss p= Oy fp aygt... ap 


ror k == 2 this relation goes into the De Morgan formula Oyo = 
- @ -+ Gy. In particular, we use the fact that efg = e+ f+ g. 

*) The idea and the solution of this problem are adopted from the 
“ook: HH. Steinhaus, One Hundred Problems in Flementary Mathe- 
-uties, Pergamon Press, Oxford, 1963. 
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of sport. The cyclists, the swimmers and the skiers have satis- 
factory marks in mathematics (let us agree that the progress 
of the pupils is appraised with the three marks “good”, “satis- 
factory” and “bad’) and it is known that 6 pupils in the class 
have bad marks in mathematics. How many pupils in the 
class have good marks in mathematics and how many swimmers 
can ski? 

Solution. Let us denote the sets of the cyclists, swimmers 
and skiers by the symbols Cy, Sw and Sk respectively. 
Further, let G denote the set of the pupils who have only 
good marks in mathematics, S denote the set of the pupils 
having satisfactory marks and, finally, let B be the set of 
the pupils having bad marks in mathematics. Then the 
conditions of the problem can be written in the form 


1) [Cyl=i, |Swl=38, |sk|=2 
(2) |Cy Sw Sk|=0 
(3) |S Cy|=|Cy], |S Sw|=|Sw|, |S Sk| =| Sk| 
and 
6 
4) |Bl=55 


and it is required to determine the values of norms |G | 
and | Sw Sk |. 
It is obvious that 


IG|+1/S|4+ |B] =164+85+4B|=|J]= 


and, consequently, 
_,.. 8 _ 19 
[G|+|S|=1—|B|=1-g=% 
Let us denote by S,, S,; and S, the following sets of the 
pupils having satisfactory marks in mathematics: the set 
of the pupils who cannot cycle, swim and ski, the set of 
the pupils who are good at one of these kinds of sport and 
the set of the pupils who are good at two of the kinds of 
sport (remember that none of the pupils is good at all the 
three kinds of sport!). Then we can write 


LS p= ]Sot+ {[Sil+ 182 | 


Consequently 
19 
[Gj +[ So] +1 Sii4-[S2| 55 (a) 
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But we have 
ISyf+[Sef=[S Cy+S Sw+8 Ski = 
=[S Cy|+|S Sw|+|S Sk|—|S Cy Sw|— 
|S Cy Sk|—|S Sw Sk|= 
=|Cy|+|Sw]-+|Sk|—|S Cy Sw|— 
—|S Cy Sk|—|S Sw Sk|= 


17, 13 
=gtytH- | S2]= = —|Sa| 


(here we have again used the fact that none of the pupils 
is good at all the three kinds of sport). It follows that 


38 
[Si]+2|S2l =e (b) 
Now let us duplicate equality (a) and subtract equality (b) 
from the result. This yields 
21G|+2|S,/+ 15: |=90 


Since the sum of three nonnegative numbers can only be equal 
to zero when each of the numbers is equal to zero we thus obtain 


|G|=0, |S,|=0 and [S,|=0 


Further, note that the condition | S, | = 0 means that 
each of the pupils who is good at least at one of the kinds 
of sport is also good at one more kind of sport. Taking this 
into account we arrive at the following system of equations: 


17 
= [Cyl =i Cy Sw+Cy Sk|=|Cy Sw|+|Cy Sk| 
=| Sw|=|Cy Sw+Sw Sk|=|Cy Sw|+|Sw Sk| 
Bs 


=== |Sk|=|Cy Sk+Sw Sk|=|Cy Sk|+-| Sw Sk| 


Ww 
” 


from which we find 


|Cy Sw|=3, [Cy Sk|=s and |Sw Sk|=z 


oy 


Thus, the number of the pupils having good marks in mathe- 
matics is equal to zero and the number of swimmers who can 
shi is equal to 2. 
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Example 3.1). A coat of area 1 has 5 patches the area of each 
of which is not less than 1/2. Prove that there are at least two 
patches which overlap so that their common part has an area 
not less than 1/3. 

Solution. Let us denote the patches (which are regarded as 
subsets of this coat J having unit area) as Ay, Ag, As, Ag 
and As; their pairwise intersections will be denoted Aj, 
Aj ete. We know that | 4; | > + where i = 1, 2, 3, 4, 5 


(see Example 4° on page 103); it is necessary to estimate the 
quantities | A;; |. According to formula (A’) we can write 


1=|J {>| 41+ Ag+ A34+ A,+ As|= 


5 
= 14: |- D 4ul+ & | Aijn | — 
1 on Gj A) 


wy), 
2 | Aint] + | Arzsas | 
(i, 9, 2, 1) 
whence 
1— > |4il+ 3 |Aul— Se | Ain] + 
1 (i, §) (i, 3, R) 


+ S| Aajnr|—| Asares [0 (1) 

Gi, RD 

From the inequality we have obtained we now eliminate 

the term §) | Ajj, | and the following terms. To this end 
we use the same formula (A’) to obtain 


| Ag | >| Ate + Atg + Ata + Ais | = 
= {| Aul— » | Arig l+ p> | Ayijn|—| Atzsas | 
i=2 (i, 9) (i, 9, k) 


where the summation indices i, j, k run over the values 
2, 3, 4, 5. In just the same way we can write analogous 
inequalities for | A, |, | As |, | Ag | and | A; |. On adding 
together all the inequalities thus obtained we get 


: . al 
[D1 | Ar [2 pS) | A;;|—-3 >» |Aijn|+ 
i=l G, 3) Gi, jk) 
+4 : ps | Aijnt|—5 | Atosas 
(i, 9, h, 1) 


1) This example admits of an extensive generalization (see pro- 
blems 59 and 60 in the book by D. O. Shklyarsky, I. M. Yaglom and 
N. N. Chentsov, Geometrical Estimates and Problems in Comhinatorial 
Geometry, Moscow, “Nauka”, 1974; in Russian). 
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whence 

N14 I 2 SAul+3 3, lial 
eke oS) 

(id kD 


Let us multiply inequality (2) by 1/3 and add the result 
to inequality (1). The inequality obtained in this way does 
not contain the term with » JAjjx}: 


1-2 SA l+4 Sl 4ul—3 ) [Aunel-+ 


i (i, 9) (i, 7, k, 1) 


S| AealS0- (3) 


| Azjnt| +9] Aszaas | 29 (2) 


It is clear that each of the five quantities |Ajo3q}, 


|Aroasl, \Aroasl, (Asgas] and {Agggs] is not less than 
|Aigga5| and therefore 


> | Aajnt|2>5 | Asosas | 


(i4,9,k,0) 


and 
1 2 
z > | Auar! — | Atosus | >] Arasas | > 0 
(4, 5, Rk, 1) 
Consequently, inequality oo can also be rewritten as 
2 
i or Dd 
whence we derive the inequality 
>) | 4uy| 22 5 | Ai] -3>2 (5. 5) —8=2 
(i, 9) i 
Now, since the number of the terms entering in the sum 
>| Aj;| is equal to (3) = 10, we conclude that at 
(i,9) 
least one of these terms is not less than 
2,3 10-5 


which is what we intended to prove. 
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Exercises 


1. Compile the truth tables for the following operations: 

(a) the implication =; 

(b) the biconditional proposition <=>; 

(c) the Sheffer operation |; the operation | (see page 83); 

(d) the operation { } (see page 83). 

2. Compile the truth tables for the following compound 
propositions: 


(a) pg +p +a 
(b) (p + 49) (p + 4); 
(c) pg+r 


3*. Prove that if a and B are elements of a Boolean algebra 
such that a > £ then there exists the “difference” € of the 
elements a and f, that is an element of the Boolean algebra 
such that B + € = @ and BE = o. 

4*. Let N = pt pi: ... pkn be a positive integer where 
Pi, Po» »- +) Py are the prime factors of the integer. How 
can we determine the number @ (JN) of the positive integers 
which are less than N and relatively prime to N? (The func- 
tion @(N) of the positive integral argument N is called 
Euler’s function.) 

5*. Let a;, dg, ..-., @, be arbitrary positive integers. 
Let the numbers themselves and the greatest common divi- 
sors of any combinations of these numbers be known. It is 


required to find the least common multiple [aa, ... a,] 
of the numbers a;, a2, ..., @,. Apply the formula you 
obtain to the case k = 4, a, = 10, a, = 12, a, = 30, 
a, = 45. 


6. Let a, b, c and d be 4 arbitrary numbers. Prove that 
max la, b, c, dd =a+b+c+d—minla, b] — 
— min fla, c] —...— minle, d] + 
-+ min fla, b, c] + min [a, b, d] + min fa, c, d] + 
+ min {[b, c, d] — min la, b, c, d] 


Appendix 


Definition of a Boolean Algebra 


A Boolean algebra is an arbitrary set of elements a, 6, 
y, .- +, for which two operations called addition and mul- 
tiplication are defined which associate with any two ele- 
ments a and £ their sum a+ 6 and their product af’) 
and for which the “bar” operation is defined which associates 


with any element a a new element @?). It is also required 
that two “special” elements o and t should exist and that 
the following rules should hold: 


Rules for addition Rules for multiplication 


(1) a4+-B=B+o (1a) af = Bo 


the commutative laws 
(2) (a+B)+y=a@+(B+¥) (2a) (af) y= @ (By) 
the associative laws 
(3) a+a=a (3a) aa=a 
the idempotent laws 


Rules connecting addition and multiplication 


(4) (a@+B)y=ayt+By (4a) a+ y=(a+ 4) (B+) 
the distributive laws 
Rules concerning the elements 0 and t 
(5) a+o=a (5a) a=a 


(6) a+r=t (6a) ao =0 
Rules concerning the “bar” operation 


(7) a=a 
(8) o=t (8a) t=o 
1) Cf. page 25. 
2) As was mentioned, addition (multiplication) is a binary ope- 
ration; it associates a new element a + B (af) with every two ele- 


ments a and B of the Boolean algebra. In a Boolean algebra a unary 
operation (the “bar” operation) is also defined which associates a new 


Jement @ with one clement « of the Boolean algebra. 
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Rules connecting the “bar” operation 
with addition and multiplication 
(9) a+Pp=aB (9a) aB=a+B 


the De Morgan formulas 


It is unnecessary to include into the definition of a Boolean 
algebra the requirement that the inclusion relation > 
should exist for some pairs of elements « and B; the matter 
is that the inclusion relation a > f can be defined by means 
of any of the two conditions 2 + B -— @ and aB — B from 
each of which all the properties of the relation > can be 
derived, namely: 

a>a 
ifa@op and poe then a=f 
ifa>B and Poy then aDdy 
t>a@ and aDo 
at+Bpoa and ara 


ifa>p then Boa 


(let the reader derive them). Moreover, it is even unneces- 
sary to require in the definition of a Boolean algebra that 
one of the two operations of addition and multiplication 
should exist, that is it suffices to require that only one of 
these operations and also the “bar” operation should exist. 
For instance, if the operation of addition and the “bar” 
operation exist, we can define the multiplication using the 
corresponding De Morgan rule: 


of =a+B 
However, if only the operations of addition and multiplica- 
tion exist (but the “bar” operation is not defined) they do 
‘not specify a Boolean algebra. 

The above definition of a Boolean algebra is highly “non- 
economical” in the sense that many of the properties we 
have enumerated can be derived from some other properties 
and it is therefore unnecessary to require that the former 
should be fulfilled. On this question see, for instance, books 
4], [2] and [5] (see the bibliography). We also note that, 
in contradistinction to the definition of a Boolean algebra 
we use in this book, most of the books and scientific papers 
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add two more conditions connecting the “bar” operation 
with addition and multiplication, namely 


(10) a+a=t and (10a) aa=o 


(cf. page 53). If we include these conditions in the definition 
then the “algebra of maxima and minima” (see Example 3 
on page 28) is a Boolean algebra in the single case when the 
set of numbers in question contains only two elements: 
4 and 0; then this algebra coincides with the “algebra of two 
numbers” (page 25). With these two additional conditions 
included the “algebra of least common multiples and greatest 
common divisors” (Example 4 on page 31) is a Boolean 
algebra when the number N decomposes only into pairwise 
different prime factors. However, for this approach to the 
notion of a “Boolean algebra” Examples 3 and 4 in Sec. 2 
can naturally be regarded as examples of “incomplete” 
(or “generalized”) Boolean algebras because properties (10) 
and (10a) in which they differ from the “complete” Boolean 
algebras (for which these conditions hold) are not so very 
important. 


Answers and Hints 


Section 1 


C) (B + D)(C + D) = ((B + A) x 

D)(C + D)) = (BC + A) (BC 4+ D) = 

BC) = AD+ BC (here we use the 

aw). 

A+AB=A+AB-= AI + AB = 
A. 


1.(A + B)( 
( 


0 
7. (4 + B)( 


and 


(b) 


i) 
ia] 
bo) 
~ 
je) 
a) 
OQ 
o 


and 
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max {a,, 4) max {ao, by] max fap, bp] 
Py P2 ++ Dk 


min [a,, bj] min [ao, by] min fa,, b,)} 
=p" "ps 1s Pa 
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Section 3 

1. AB+ AAC+ BD4+ CD =(A+D)(B4C) (see 
Exercise 1, Sec. 14); A + AB = A (see Exercise 2, Sec. 1); 
AB+ BO+ AI =A (see Exercise 9, Sec. 1); ABC + 
+ BCD+ CDA =(A+ B)(A4+ D)(B+D)C (see 
Exercise 10, Sec. 1). 

2. (a) (A + B) (A + B) = AA + AB + BA + BB = 
=A+AB+BA4+0=A+4BA4BA=A+4 
+(B+B)A=A+IA=A+A=A, _ - 

(b) AB + (A + B)(A + B) = AB+ AA + AB+ 


+ BA+ BB=AB+0+4+AB4 BA+0O0=AB4 
+ AB + BA = (AB + AB) + (AB + AB) = A(B+B) + 
+(A+A4)B=AI+IB=A+B. 

(c) ABC AB AC =(A+B+4C) (A+B) AC = 
= {(A + B) + C)(A + B) AC = A(A + B) AC H_ 
+ B(A + B) AC + (A 4+ B)A (CC) = (AA) (A+ B)C 4+ 
+ [B (AA) C + (BB) AC) + (A + B)AO=O0(A4 B)CH+ 
+ [BOC + OAC|+ 0=0. 

(d) A+ B=A+IB=A+(A4+A)B=A+4 


+ AB + AB = (AI + AB) + AB=A (I + B) + 4B= 
= AI + AB =A+ AB. 
3. Apply the “bar” operation to both members of the equa- 


lity in question and use the fact that A=A. 

4. AB + AB = A (see Exercise 2 {a)); (A + B)(AB + 
+ AB) = AB (see Exercise 2 (b)); A (A + B) = AB (see 
Exercise 2 (d)). 

6. (a) To every divisor m of the number N there corres- 
ponds subset of the set [ = {pi, ps, . . -, Pr} of the prime 
factors of the number N consisting of those prime factors 
of N which are simultaneously prime factors of m. If A 
and B are the subsets of the set J corresponding to two num- 
bers m and n then to the numbers m @n = Im, nl}, 
m @ n= (m, n) and m = N/m there correspond the sets 
A+B, AR and A respectively. 

(b) If m = p? and n= p’ then m@n-= Im, n] = 


pmax [2,5] m @n = (m, n) = pmin{a, b) and m — Nim = 
pans. 


tn 
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(c) m - Nim = at % oa a ART a, 

7. These equalities do not hold for the ‘algebra of maxima 
and minima” (except for the case when the algebra consists 
of only two numbers) and for the “algebra of least common 
multiples and greatest common divisors” (except for the 
case when the number N decomposes into pairwise differ- 
nt prime factors; cf. Exercise 6 (a)). 


(a) (A+ B)(A+C) =A+AC+AB+ BC = 
wi 


7 +AC+AB+BC=ATU4+C4+B)4+ BC = 
=AI+ BC =-A+BCCAH+BCA4SB4C. 

(b) (4 4B) (AO) (AD) = (4 BA Cpl = 
= (A+ B)(A+C)=A+BCDADABC (ef. Exer- 
cise (a) 


(c) ep B)(B + C)(C +A) =AB+ BC 4CA 2D 
= 


> AB > ABC (see Exercise 6, Sec. 1). 

(d) Since A> AB and BD AB we have A+BD 
=> AB + AB. 

9. ABC <— AB + AC (see Exercise 8(a); AB + AC + 
AOZCA+B+C (see Exercise 8(b));} AB + BC+ 
+CACA+B4+4C (see Exercise 8(c)). 

10. AB (A+B) (A 4 B). 


= 
12. (a) A; (b) B; (c) I; (d) O. 


Section 4 


5. (a) “the number is even and prime”; the truth set is 
{2}; (b) “the number is odd or prime”; the truth set is 
{1, 2, 3, 5, 7, 9, 44, 18, 15, 17, .. .}; it differs from the 
set of all odd numbers in the fact that it includes the num- 
ber 2; (c) “the number is odd and prime”; the truth set is 
{3, 5, 7, 41, 13, 17, 19, ...} and it differs from the set 
of all prime numbers in the fact that it excludes the num- 
ber 2; (d) “the number is even and not prime”; the truth 
set is {4, 6, 8, 10, 12, 14, 16, ...} and it differs from 
the set of all even numbers in the fact that it excludes the 
number 2; (e) “the number is odd or not prime”; the truth 
set is. {1, 3, 4, 5, 6, 7, 8, 9, 10, 41, ... -} and coincides 
with the set of all positive integers with the exception of 
the number 2. 


Section 5 


dD. ot b =a, ab — b 


Section 6 


1. (a) pg + pat pg + pa; (b) par + par + par + par. 
2. (d) pgrs + pr + ps + qr + 4s. 
3. Propositions (b), (d) and (e) are true (for all p and y). 


Section 7 


1. (a) See Fig. 51; (b) see Fig. 52. 

3. (a) See Fig. 53a, (b) see Fig. 53,0. 

4. (a) D= AB+ AC + BC (A, B and C are the push 
buttons which the members of the committee press). 

(b) G=A(BC + BD + BE + BF +CD+ CE + 
+ CF + DE +DF + EF) + BCDE + BCDF + 
+ BCEF + BDEF + CDEF (A is the push button which 
the chairman presses and B, C, D, E and F are the push 
buttons for the members of the committee). 

5. (a) D = ABC + ABC + ABC + ABC. 


A C 


ag | ! ; Le axccon 
B D 
Fig. 51 







A(BC+B)+A 


Fig. 52 








E=ABCD+ABCD E=(A+B+C+DJ(A+B+C+0) 


1a) (b) 
Fig. 53 


Section 8 
3. — = af. 


4. o(N) = N(1 = —-)(1-=) me 1——-). 
This formula can be obtained by applying (A’) to Example 3° 


in which the roles of the elements of a Boolean algebra are 
played by the sets of natural numbers not exceeding N 
and divisible by p; (where i = 4, 2, , n). 

3. Apply formula (A’) to the Boolean algebra in Exam- 
ple 5°. 
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